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Def product o-Algebra

Let (E, A). (Fip) be two measurable spaces
measurable rectangle

AOP:=o({MXN/(MINIE 3) CP(ExF)d- xp

Remark: - BCR/⊛ BCR) = BLIRY

☑ BURY = ◦ (I

☐ ME {M CIR /MX1R EBC IR4Y is a o- Algebra:

• RER
- MEP ⇒ MEIR = (MXR) C ∈ BC1R") ⇒ MCER

EBURY

• (Mn/an °" (Yt) ✗ IR = Yn(MX1R) ∈ BC1R') ⇒ gym. EIR

Jane, seat/ a (b, c (d}) Co ({BxB, I BR ∈ BUR)} = B (IR) OR (IR)

⇒

EBCIR')

P contains all open sets so BC1R) CP meaning ∀ME B (IR) MXIRE RC1R)

considering {MARI RXM ∈ RORY/ instead off, ∀N E B (IR), IR ✗ N E B (IR')

so ∀M, NEB (IR), MXN = MX1R) A (IRN) EB (IR)
NL

AOP contains is more than rectangles: ¼

Mr

M

N1

⅔,

½

- .
(Max) ulnar) is not necessary a rectangle

Proposition: sections E

F

M
Ma

Let (a, b) EExF,

1) if ME stop, then Ma:(yeflla.gl EMER, M'-fue El la, bien/EA

2) if f:ExF, cop) → (G, P) is measurable, then faiytofla.is/.fb:nnfbe, b) are measurable

a

m³

proof: 1) ME stop 1 Mae β} is a o-algebra:. (Ex F) a = FEB
• Let MEAOP, (MC) a EP ⇒ (Ma): Mcl E β

• Let (Mn), EIN EA0P, ∀nEiN Multi →  in M) a 1) a EP

containing {AX BI (A, B) Ect xp): (AB) =

so {ME#β/Ma EP} = Aop, similarly for Mb Ect.

2) Let MEP, fat (r) =/yeflf.la, g) Er}

= Ly EF1 (angle f- A/

B

(AxB) a

a

A

B if at A ∈ β
∅ if a¢A

Ref-t (r) a

a

Product measures



def/ . product measure

Let (Eid, µ), (F, P, ) be two o. finite measured

exists a unique measure on

∀ C IE A ✗ β, Cox ) ) = µ (I ()

V spaces

there ⇐ ✗ F. top) denoted you such that

AIB OU (AXB AU B

Moreover ∀ ME A0B, (you)(M= £U(ma)dp(a) = fµ(MY)do(y)

theorem.

proof:

• µ and are o-finite so 7 (En) new Cct, CF Infin C pouch that E- Yemen , F=Ufn

(Entnein ↗, (F) new ↗ and tutin µ (En/(+ o, o (Fu) (+ • .

Then ExF = µ, (Enx Fn) then malEnxful = me (Enxful = µ (En) o (fu) (to

By Dynkin's theorem ma = me on OC2 1 Axp, , B Cfu}) = die ⊛ pin = (A⊛pl,

{Mn (Enxf) in ∈ Aop}

Let ME stop,
EAP /Enxfn

"t) U (Mr), y ↳ M measurable. if u is finite /M Exp 1 a ↳ ulna) measurable} is a Dynkin's system

at, u((Ex f) a) =u/f) mean-able

unicity: assume me, me are measures on (ExF, top) st ∀ CA1B) Ect xp, m1(AxB)=m(AxB) =p (A) U (B)

Enxfn

- if visa-finite, ◦ (Ea) = lime,# (Eun E)
=: On (E) finite mean-a

Existence: let MCM): = [ulna) dy (a) . First, mfEY↓ = £U(B) Iab) d- (a) =

in is a measure: .my/=ful0ldp­


.m(Ywnnl=fu((Yum) a) = ) Kuala) dy (a)

monotone"" new"/uol.tl detail = In men)

convergence

example: Lebesgue measure on IR! (Rd, BIRD)-BCR)", Ed:= /① d)

7d(Idstairbil)-If (bi-ai)

So (B) dy = PAU (B)
A

CAXBY:{ Ef so v6 Atrial-u(B) 1,1A)

✓ (Y(male) =

"

(Aop)/Ennis a a- Algebra and contains

⑦ /MEAN I McEnxful Ect/En ④ β/fu} is as-algebra containing rectangles thus = top

MCM) = Gig, M1 (MA (Enxful) = life,,r(Mn (Enxful)) = ma (M)

µ/ 9) , D: =

• so EXFED
• if Mine D, M CN, a→u((Min) a) = O(MalNa/= ✓ (Ma)-ulna) measurable so MIN Else

if (naked, ↗, an often mn/a) = (Yuma)- E, u((min) measurable so µ, Mn ED

A/BE A CENAXB
*
k

AXB I (AIB) Ectxp} (② so by Dynkin's theorem, Aop = o/LAXB / (AB) EAP}/C D = top
contains ExF, stable under A



proof: Indicator: if ME atop, ya/Infra, y) duly) = U (Ma), get / Intact dylal = µ (MY) are measurable
F

)du (y) from product measure construction.and you/M/= [UCMaldytal-f.lu/M9

simple function linearity of the integral

f: EXE-I II measurable

98900 = £1M ExF
EXF

monotone
convergence

if an = Eltini, hula) = £1 i £ Initial duty) = ¥1: ultrital measurable

by monotone convergence ((flag) duly 1) dy (a)

Sandyou = &, [(fanfuldotal) of let

 Un (a) increasing

⇐ £140  [E. • halal debt-I

by monotone convergence again, like, shut" ) = £ flag) duly)

measurable as a function of x.

E F

Theorem: Fabini- onelli (Fabini)
⇒ µ an v. finite, and f:(EXF.HR/→ IRI (IR) measurable

then 2H) flu, y) duly) and y ↔/flu, g) debe)

E

/(ffbe.gl duly)) debe) = /(Splay) debit) duly)

F

F

/ Stay) dfoulla.gl =

EXF E

are measurable

F

(integrable)

(integrable) and

pointwise
let on: Ex F → Rt a non decreasing sequence of simple functions with buff.

f: EXE → I integrable: y the Fubini-tonelli theorem

£111 you =! (f. Hamildo (al) at Gusta no ne-of

E. 1400 = If you If_you  (£ flat duty)/axial-ftp.faigldulgllayla)

If kill dy Cal is integrable

and
EXF

= £ (Effluent-[f- Girl d. (a1) 911 = £ (ff 649) aug 1) axial

linearity of their integrallinearity
of the µ integral

Change of variable:

def:. (+ diffeomorphism: 0 Rd, open, : 0 → CO) ∈ Ct (O) bijective of inverse (t

(say /

y y

• Jacobian matrix: 9 =:(41... Md), of =: °:

Jacobian determinant: det (y)

4 " ), = %: - 3::

÷...:)



theorem: change of variable (in Rd)

Let 4: ocd → 10) be a C! diffeomorphism, then9

{folded-Sf
410)

∀f: 410) → IR integrable.

detly-t d'd

Remark: • chain rule: 94.1 (Ital) 9 4 (a) = Id ⇒ det9y(a)-t =] g- 1. (4 (a)) to

- ind-1: 4 it differ ⇒ 4 strictly monotone

If f strictly in neasingi.ae, 4lb)

{field)do= /fly)/4- 1) 'ly)dy:S fly)/(4-1)'(y)ldy
y:=Y(a) "ftp.t/y) 417am)

de-(9-1)'/g) dy
Iff strictly decreasing: Uca)

916)
{f/4 (as) da: §", fly) (4-1) 'ly) dy =/fly) 14-Hally

4 (Ja, bt)

• this is a specific case of {folded-Sfdk'dflo)

Taking f = 1 p for BE BC IR9), RC4/0),

51, ◦ Idea = la/4- " (B)) =) I detly-t d'd = 9#la (B)

B

or with 4- "instead of 9.la/4(B1)=SIdet9y/dld for BC4-10)

• we prove the statement one} clue modification induced by 4 linen.

9: Rd → Rd is an isomorphism. It can be generalised using 4Gt Eh)= E) + {Tyla)h to (e)

let µ (B): = ld (4 (B)), µ (Bt a) = la (4 (Btec)) = ld (9 (B) + 9 (x))

= Id (4 (B1) = 44 1B)

and µ / to, 1) d) =ld (4 (50,19)) (+ & no µ, = Id Id (50,171)

by unicity property of ld.ie la (4 (B1) = Id (B) Id (4 50,17")

Sldetsy (a)/data) = (detylla (B)

B we need to show ld(4 (B1) = Idt 4 I lb (B)

then we conclude by linearity and monotone convergence.

9

a b
Ya)

9

a b

o

*

proof:



detya/ 4150,179)) =

9=41... 9k permutation matrix:

or

linear combinnison notice i

or

diagonal

by ⊛ and induction

But:
- ri; 50,171-[0,17" so labi; [0,17 d) = 1 =/det (oil)

• D= It,"h9) ⇒ la (DT0, 179) = le (IIto.mil) =, tail =/det (D)

• Ei; [0,17% {(a1,..., wit i ng, _, ad), and ∈ 50,1794 ⅓

dot till

, Id /45013 d) = Id (A, to, 1) d) -le/AL50, 131)

so laki.io/1)d)=1=

so la (4 [0,19) = det (Ail-detlak)) = /det4/

area = 2
→

i
1 1

1

i. I
1

② =: sing

1

) =:[is

1

↳ + i



small CP spaces for sequences:

PE [1, + of, EP =/a:(a) new CR1 #plant" (to

p = &, l:

, if at eP, Mullep: = newton/D) ¼

M:-lundneine IR1 segment (to}, if at l? Halles: synplant

example: an:#, naff# (to ⇔ P71, so (talent ∉ et
∈ ei∀p>1 (including p = + o)

Let (E, ct, µ) be a measured space. Idea: group measurable functions inside normed vector spaces.

Def: LP1E, tip) spaces

let f: E → IR measurable, ∀P EEL, OT, Afl,p: £

(peo) "file: inf µ (
(by convention inf ∅ = o)

½
IflPdp)

M71 1PT (JM, + to]/=o

∀pE [A, a], LP(E, A,p):: {f: E-IR measurable 111ft,p< + • ¾ where fo of if f= gpa-e.

remark:

• We will identify LP functions with their equivalence class

fee ⇔ IM70 146181117M, to]) ⇒ ⇔ IM01 1JK M µ a. e.

=/REEL ful? My

examples:. on ([0,13, B ([913, e) ⑤ ¼/Pdu = ∄ Fp d

If 240, ∀pE [1, to], at ½ ELP, If 270, 2H ½ ELP if p (&

• on (IN, P(IN), F) [fd#= #flu) so LP(IN, PC1N),#) =L P.

example ① ~ 0 so 111 111, = 11011yd = 0I for

• LP are well defined, f=gµ a. e ⇒ ∀pE[1. + OF, If/lip = Ugly
KM70, µ (181-1- (3M, to]) =p (Igt-113M, + D) so 11/11,0=1/gills

Property:
let p EE1, +0], figELP (Etp), ✗ EIR, 117811,p= 17111/Up

""""+ 9"LP≤2P"( "flip + "gulp), uftguesufiye.tl/gly,
hence LP(E, at,p) is a vector space

proof: • if p(to, "✗ ftp://IXP/P)*P=(1X1P(IPIP)#=IxI1flloS+o­


ifp=td,ift=o, 110811,0=0 0. 11/1/10

if ≠O, 117/¼ = inf Moly/ REEL If/ (a) EM

= inf/AIM TO/µ (late) Ipilal & M))-of =/A/11811yd

M:-MIX
• if PAY 11ft gllp"= 51ft g/Pdp ≤ 2"⇒ (IP1P + Ig IP) Sto so figELP

1. iris convex: (HE9P {(81+191)'S IN + HE

• if p-to /fig/≤ "flat "she µ are. so fty∈L"

finally,/fill p=o ⇒ f- of a. e.

1=0

and 111+911,0 411/11, + Ugh,

to show that line, we must improve the triangular inequality: Aft gulp (11811 (pt 11g Ilp

• Moreover I/flip = 0 ⇒ f = O

(+ A

so f=OLP

n(to ⇔ xp (1

9. LPspaces



theorem: Hilder's inequality
Let p,qE 51, to] I f- +19=1, YELP, yt L9, then fg ∈ L1 and Afyll, 1 & "flip "911,9

remark: for 9=p=2, / Ifg/'dy ≤/1912dg /1912dg (Candy-Schwarz inequality)

proof: • If p= +0,9=1, Afyll[1- =E/Ifta) gla)ldy(a) ≤ Afl, [(gallop (a) = If 1110 Ugly

• If pig#1. +0, let u In (If/P),v In (1919) so If/P=c", 1g/ 9=e"1

by convexity of une", e⅔ᵗ&f e" +  (etm'11-1-1"

so Ifg 14 IP1P +19,19 and 11891,15 "flip + 119,49

¼ +7=1

T 9 F - e" + (1-t) e" witht = Ip, (1-1)=19)

if for 9=0 Holder's inequality is just 040, otherwise applying this to "£flip and 11I911,9"

11949 9 #+ ¼ = 1 so lfglls.EU/1p 1194°sauce ≤ ( "I"Y)' +
1181811919 7

Igala

9

Property: ∀pEC, to], "ftglp 4118111+119112, (Minkowski inequality)

and LP (EAP) is a normed vector space

proof: for p=1 it's the triangular inequaty in R, we already obtained the result for p= to. Let PE71, + of,

fig)P = f (/+ g) "-"+ g (/+ g) P-t so by Hilder's inequality for 7+19=1:

118+91! ≤ 11811+9)"11111 + 11g (fig) P-111 ≤ Afk, 11ft g) P-IG +11g", 11 (fig) P-11119

p-1
= I/Ip +11g",p) 111+9 " (g (p-1) = (" flit"s" (p) 11ft 94 If

Itf=1⇒ptq =pg ⇒ g (p-1) =p
↑

if Hftgllfo.to owe can conclude. If if + gulp = Minkowski's inequality is true

if uftghyp.tt, "flip-to or I'll = to by the previous statement.

Countable triangular inequality

I 11

½
1£11, if not. "de) ≤

+ a

proof: if I Éintube)/ ≤ Éilfn call gives p= + &, if p (+ a

+ A
Sl: 111)'d)? lim

↗ b- + a
monotone convergence

5
T

[If. 1) Pay
n=O

½

= lim
Koto

I:[18.111, Slim MINLP = ¼n "tulip
K-it❤

induction on triangular ≤

Property:

Let (f) ne in CL" ninth/lip is [new" fall,



theorem: (Riest-Fisher)

∀pE [1, + % LP (E, A, g) is complete

proof: Let (f) new CLUE, A, p) be cauchy-

Ip = + • : I fnbel.fm (yl & 11 fu-full, sofa be)) new is Cauchy andT

lat ⇒ Effu

IR complete do#b) encourages

Let f (a). If. Get-full = him
put❤

In (a) -futplall ≤ life, + a "In-futp "la

411/n- fully

and ft L" by triangular inequality.so Nfu-file ≤ lip, + a "fu-futple-so

ifp (to: Let Initien CIN a subsequence at 11 frite-frilly? £
+0

let g:= 2

n → to

1=1 (finite- fri), Agh, 6 ll fix-fill;

Let f: = first of = lim fri, by Fatou's lemma:

lining Ifn-frilly lining
E

into

E- Ad

and f ELP by triangular inequality.

remake:. we proved that fu#& ⇒
"→ (f) n cauchy " "t"Property: Embeddings

Let P1/P2E [1, +0), P1 ≤ P2,

Mfn-ftp://fu-fldy
" E

-
into {Ifn-frilly-lining/If.fi, ,into ↗↑h-it❤

"

A) candy, hi If

2=1 so, finite µ-a. e.

flip up to a subsequence

1) if p (E) (to, 11. My KEY"½ Help, so LP2 C LP1

2) 1. Hepa 411. Kept so e" CER

3) if I = It 1¥, A. HE 11.11%111.1%2 so PAGER ⇒ LP11" CL"

Inf

proof: 1) Let /measurable, If/1%1 = 1181411,1

the injections LP2 → LP1 , ePt→e" are continuous
f Hf

11111,9 If Pt I,p = µ (E) ¼ 11811,⅓p1

Holder's inequality
take p:= ¥11, #= 1- I-1- PE so I ftp.t µ (E) * If 11,p,

2) Let a:= Canine in C IR, KEN, an 41 so ,,%⅔,
Mullps

remark:

interpolation:

un Ps
happy. Summing on n, Heel/eph

"Yi
1

so Muller ≤ the Hepa

3) Peter ⇒ 7- daft

if/f. "=nf' le, 118" 11,118"-"11,9=118 "yep, 11811 pre-ala

Holder, Ipf 1 (2)
Fix p: Pf so rap = py and v11-a) a = (-E) R9 = (1- f) 912 = Pa

(3)

ra re-a)

(1)

Eileen 1) ?

(3)

Remark: tulle, ≤ Mullet so n#nhPf

12)

so 11844A/Ipa 111114!

# I, I + A-a)
p

-

µ (g- " (to)) = µ (In g- ' (In, too)) = lie µ (g " (En, tell

≤ lie ¾'



Def:
Let E be a Banach space E*:-

linear form

YECOCE.IR) linear 111411ft: = §pey1Qallf

complete normed vector space

dual space:

Remark: pt: = Pm so It If = 1 than if a ELP* q: LP → R
f to fuf

so Yue (LP) *

is linear and Half) 116 Hull,# "flp

continuity for linear functions

Duality

theorem: Riest representation theorem (fo-(Pspace)

Let PE31, tot, YE (LP) * then 7! my ∈ LP"such that HELP, 91 f) = ff.

Ugh [p*. For p = 1 the conclusion hold for o-finite µ.Choreover 1144pA = 11

Remail:. (LP) * ≈ LP" for ptt❤,

Cant ns limpen th (a) k handled so he (e) * but• for p = + o. 1+4119": h: l'→ IR

extended by Hann Banach theorem

In = 0 so h = 0 absurd be cause h (t.....) = 1
Eed

n
is a scalar product (well defined by Cauchy-Schwarz inequality)

with (fiffe = Aflly where the norm comes from a C.) {fig?#fly. Ugh,

• Riesz representation theorem for Hilbert spaces: HE H i. e. ∀ YEH' I get of ∀yEH Gly) = Say, y)

If hlaken = £1 yuan for lynleet. h Sn =
10."-10,110-.)

• [is a Hilbert space: If, 97,2-[fy dy
Banach space

Nulla) * = Null,p* 11%1,p,#= sap / Self ≤ Hell,p*
118%61

p-p'
Holder

taking *

up"-I if u to afyp = Stall"-1) Pdp = 11m11,p* and /full = Hell,p* ="uf*
◦ HIP

f: =
if u:O'

u 1 ",→→(4! is isometric, injective, linearSO
















