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Convergence of the ground state energy
d´dimensional cubic lattice: of length L P N˚: Λd – pZ{LZq

d .

Bose–Hubbard Hamiltonian acting on Fd – ℓ2pCqb|Λd |:

Hd – ´
J

2d

Op2d|Λd |q
hkkkkkkikkkkkkj

ÿ

x,yPΛd
|x´y |“1

a:
xay `pJ ´ µq

ÿ

xPΛd

Nx `
U

2

ÿ

xPΛd

Nx pNx ´ 1q.

Mean-field Hamiltonian given φ P ℓ2pCq:

hφ – ´J
`

αφa ` αφa
: ´ |αφ|

2 ˘

` pJ ´ µqN `
U

2
N pN ´ 1q,

of order parameter αφ – xφ, aφy.

Theorem: S.Farhat & D.P. & S.Petrat 2026 [2]

If U ą 0 and J ě 0, then

inf
ψPFd , ∥ψ∥Fd

“1

xψ,Hdψy

|Λd |
Ñ

dÑ8
inf

φPℓ2pCq, ∥φ∥
ℓ2 “1

xφ, hφφy .

Phase transition: for a mean-field energy minimizer φ0,

- Mott Insulator: xφ0, aφ0y “ 0.

- Superfluid: xφ0, aφ0y ą 0.
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Convergence of the dynamics
Schrödinger equation: Let Ψd P Fd solve

iBtΨd ptq “ HdΨd ptq, Hd – ´
J

2d

ÿ

x,yPΛd
|x´y|“1

a:
x ay ` pJ ´ µq

ÿ

xPΛd

Nx `
U

2

ÿ

xPΛd

Nx pNx ´ 1q. (BH)

Mean-field dynamics: Let φ P ℓ2
pCq solve

iBtφptq “ hφptqφptq, hφ – ´J
`

αφa ` αφa:
´

ˇ

ˇαφ
ˇ

ˇ

2 ˘

` pJ ´ µqN `
U

2
N pN ´ 1q, αφ “ xφ, aφy. (MF)

Reduced density matrix: Let γd – |ΨdyxΨd | and define the one-lattice site reduced density matrix

γ
p1q

d
–

1

|Λ|

ÿ

xPΛ

TrΛztxu pγd q , pφ – |φyxφ|, qφ – 1 ´ pφ.

Theorem: S.F. & D. Périce & S. Petrat 2025 [1]

We assume:

‚ Ψd solves (BH) with }Ψd p0q}Fd
“ 1,

‚ φ solves (MF) with }φp0q}ℓ2 “ 1,

‚ U ą 0 and there is C ą 0 such that
Trppφp0qN 4

q ď C .

Then, there exists CpJ, µ,Uq ą 0 such that for all t P R`,

}γ
p1q

d ptq ´ pφptq}L1 ď CpJ, µ,UqeCpJ,µ,Uqp1`t7q

ˆ

Tr
”

γ
p1q

d p0q

´

qφp0q ` qφp0qN 2qφp0q

¯ı

`
1
d

˙1{2
.
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