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Abstract
The Bose-Hubbard Hamiltonian effectively describes bosons on a lattice with on-site interactions
and nearest-neighbour hopping, serving as a foundational framework for understanding strong
particle interactions and the superfluid to Mott-insulator transition. In the physics literature,
the mean field theory for this model is known to provide qualitatively accurate results in three
or more dimensions. In this talk, I will present results that establishes the validity of the
mean-field approximation for bosonic quantum systems in high dimensions. Unlike the standard
many-body mean-field limit, the high-dimensional mean-field theory exhibits a phase transition
and remains compatible with strongly interacting particles.

Motivations
Study: large system of quantum bosons

Usually [3]: many-body N Ñ 8 mean field:

HN –

N
ÿ

i“1

p´∆iq `
1

N

ÿ

1ďiăjďN

wpXi ´ Xjq acting on L2
pRd,Cq

b`N

Statistical description of the interaction for a mean particle φ P L2pRdq :

hφHartree “ ´∆ ` |φ|
2

‹ w

Bose-Hubbard model: interacting bosons on a lattice

• Great success in physics:
Mott-insulator z Superfluid phase transition, experimental observation [2] & theoretical
description of the mean field theory [1]
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• Mean field justified when d Ñ 8 and effective in d “ 3

• Simple mathematical description

Goals:

• Mean field limit as d Ñ 8 of the dynamics and the ground state energy

• Describe a phase transition

• Strong and local particle interactions

Bose-Hubbard model
Lattice: Λ – pZ{LZq

d with d, L P N such that d, L ě 2 of volume |Λ| “ Ld

One-lattice-site Hilbert space: ℓ2pCq of canonical basis |n⟩ – p0, . . . , 0, 1
loomoon

nthindex

, 0, . . . q, n P N

2nd quantization: creation and annihilation operators:

a |0⟩ – 0 @n P N˚, a |n⟩ –
?
n |n ´ 1⟩ ,

@n P N, a:
|n⟩ –

?
n ` 1 |n ` 1⟩

ra, a:
s “ 1 (CCR)

Particle number: N – a:a

Fock space:

F – ℓ2pCq
b|Λ|

– F`

`

L2
pΛ,Cq

˘

–
à

nPN

L2
pΛ,Cq

b`n

Indeed:

F`

`

L2
pΛ,Cq

˘

“ F`

˜

à

xPΛ

C

¸

–
â

xPΛ

F`pCq “ ℓ2pCq
b|Λ|

If A is an operator on ℓ2pCq and x P Λ denote Ax the operator on F acting on site x as A and
as identity on other sites.

Bose-Hubbard hamiltonian of parameters J, µ, U P R:

HΛ – ´
J

2d

Op2d|Λ|q
hkkkkikkkkj

ÿ

x,yPΛ
x„y

a:
xay `pJ ´ µq

ÿ

xPΛ

Nx `
U

2

ÿ

xPΛ

NxpNx ´ 1q

Mean field with respect to sites interactions and not particle interactions due to large
coordinence number.
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Dynamics for γd P L8
`

R`, S
1

`

ℓ2pCqb|Λ|
˘˘

:

iBtγdptq “ rHd, γdptqs (B-H)

First reduced one-lattice-site density matrix:

γ
p1q

d –
1

|Λ|

ÿ

xPΛ

TrΛztxu pγdq

Mean field theory
Mean field hamiltonian for φ P ℓ2pCq:

hφ – ´J
`

αφa ` αφa
:

´ |αφ|
2

˘

` pJ ´ µqN `
U

2
N pN ´ 1q with αφ – ⟨φ, aφ⟩

mean field energy:

Emf pφq – ´J |αφ|
2

` pJ ´ µq ⟨φ,Nφ⟩ `
U

2
⟨φ,N pN ´ 1qφ⟩

Phase transition: Decompose

φ —
ÿ

nPN

λn |n⟩ ùñ αφ “
ÿ

nPN

?
n ` 1 λnλn`1

• Mott Insulator (MI): αφ “ 0

If J “ 0,

Emf pφq “
U

2

〈
φ,N

´

N ´

´

1 ` 2
µ

U

¯¯

loooooooooooomoooooooooooon

minimal at N“
µ
U

` 1
2

φ

〉

• Superfluid (SF): αφ ą 0

If J Ñ 8, by Cauchy-Schwarz

|αφ|
2

ď ∥φ∥2ℓ2 ∥aφ∥
2
ℓ “ ⟨φ,Nφ⟩

optimal when

|αφ| “
a

⟨φ,Nφ⟩

Dynamics:

iBtφptq “ hφptqφptq, pφ – |φ⟩ ⟨φ| (mf)

Figure 1: Mott insulator z Superfluid phase
diagram obtained by minimizing Emf [1]

Main result
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Theorem .1: S.Farhat D.P S.Petrat 2025 [4]

Assume

• γd solves (B-H) with γdp0q P L1 pFq such that Tr pγdp0qq “ 1

• φ solves (mf) with φp0q P ℓ2pCq such that ∥φ∥ℓ2 “ 1

• Dc1, c2 ą 0 such that @n P N,

Tr ppφp0q1N“nq ď c1e
´ n

c2 Tr
´

γ
p1q

d p0q1N“n

¯

ď c1e
´ n

c2 .

Then D C – C pJ, c1, c2,Tr ppφp0qN qq ą 0 such that @t P R`,

∥∥∥γp1q

d ptq ´ pφptq
∥∥∥
L1

ď ete
Cpt`1q

?
lnpdq

˜∥∥∥γp1q

d p0q ´ pφp0q

∥∥∥
L1

`
1

d
a

lnpdq

¸

• If
∥∥∥γp1q

d p0q ´ pφp0q

∥∥∥
L1

“ O
`

1
d

˘

, then @t P R`,∥∥∥γp1q

d ptq ´ pφptq
∥∥∥
L1

ď 2ete
Cpt`1q

?
lnpdq´lnpdq

Ñ
dÑ8

0

• Proof relies on propagation of moments of N

• Article has another result without the double exponential in t working with less assumptions
on initial moments but requiring U ą 0

• Well-posedness of the mean field equation treated

• Further works: improve error with corrections to the dynamics to get something small
when d “ 3

• WIP ground state energy: if J, µ ě 0, U ą 0, then

´
lnpdq3

d
À inf

ψΛPF
∥ψΛ∥“1

⟨ψΛ, HΛψΛ⟩
|Λ|

´ inf
φPℓ2pCq

∥φ∥“1

Emf pφq ď 0

Convergence of the order parameter: since a ď N ` 1 Insert a cut-off
ˇ

ˇ

ˇ
Tr

´

γ
p1q

d a
¯

´ Tr ppφaq

ˇ

ˇ

ˇ

ď

∥∥∥´

γ
p1q

d ´ pφ

¯

a
∥∥∥
L1

ď

∥∥∥´

γ
p1q

d ´ pφ

¯

a pN ` 1q
´1

pN ` 1q1NăM

∥∥∥
L1

`

∥∥∥´

γ
p1q

d ´ pφ

¯

a pN ` 1q
´1

pN ` 1q1NěM

∥∥∥
L1

ď M
∥∥∥γp1q

d ´ pφ

∥∥∥
L1

` Tr
´

γ
p1q

d pN ` 1q1NěM

¯

` Tr ppφpN ` 1q1NěMq
looooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooon

Ñ0 when MÑ8 since the particle numbers are conserved
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Any choice of M " 1 such that M
∥∥∥γp1q

d ´ pφ

∥∥∥
L1

! 1 as d Ñ 8 is sufficient to prove that∥∥∥´

γ
p1q

d ´ pφ

¯

a
∥∥∥
L1

Ñ
dÑ8

0

Sketch of the proof
• Propagation of moments of N :

Tr
`

pφptqN k
˘

ď
`

Tr
`

pφp0qN k
˘

` kk
˘

eCpt`1q,

and same for Tr
´

γ
p1q

d ptqN k
¯

• Gronwall estimate tentative

ˇ

ˇ

ˇ
BtTr

´

γ
p1q

d qφ

¯
ˇ

ˇ

ˇ
ď C

¨

˚

˚

˝

Tr
´

γ
p1q

d qφ

¯

` Tr
´

γ
p1q

d qφ

¯
1
2 Tr

´

γ
p1q

d qφ pN ` 1q qφ

¯
1
2

loooooooooooooomoooooooooooooon

Insert cut-off 1NăM`1NěM

`d´1

˛

‹

‹

‚

.

since ∥∥∥γp1q

d ´ pφ

∥∥∥
L1

À

c

Tr
´

γ
p1q

d qφ

¯

• Controlling large N terms

Tr
´

γ
p1q

d qφ pN ` 1q1NěMqφ

¯

ď eCpt`1q´Me´Cpt`1q

Ñ
MÑ8

0

• Close Gronwall and optimize in M .
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