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Problem definition

Model :
We consider spinless fermions in a 2D plane with perpendicular uniform
magnetic field in a confining potential.

Mean field scaling Hamiltonian :

i :—i([—fvj—fxf]2+wvj>+ >owo

j=1
acting on L2, (R?N) := AN [2(R?)
Large magnetic field limit :

B
N—>oo,B—>oo,N—>oo (2)
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Approximate energy functional

Eeclass|P] = / Vp+% / / w(x — y)p(x)p(y)dxdy (3)

R2 R2 R2

Definitions :
> EY = inf {(Wn|HN|WN), Wy € L2, (RPV), (Wy|Wy) =1}

asym

> g?lass = inf {chaSS[P]aP >0, fRz p= 1}

Theorem 1 : Convergence in large magnetic field limit

If V(x) — oo, w >0, and some regularities assumptions on potentials V
|x]—o0
and w, we have in the large magnetic field limit :

E0 — NB
E(N) = NT — g?lass (4)
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Mean field scaling

Characteristic lengths :

> N~2 for particle density

> g = ﬁ, the magnetic length

The square ratio is

B
N

wRz-

Other scaling with B := % and h = N~/

2

1
1<i<j<N

B
—ihV; — ExjL

Hy &

N
j=1

(5)
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Landau levels

We focus on the kinetic part of the Hamiltonian :

g (L 2) -5

j=1 j=1

7rj 2
ﬂ;) (6)

Classical phase space : (n, R) € N x R?
-> we decompose the position operator : r = R + R, with :

R () ™
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Cyclotron orbit quantization

> R represents the cyclotron orbit part

» For one particle, we have the Landau level quantization :

1
H? = 2B (aTa+ 2) (8)
with :
R, — iR Re + iR
st = Ty Rt Ry satisfying  [a,a']=1  (9)
\/EIB \/§/B
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Guiding center quantization
R represents the guiding center of the orbit :

Ry + iR Ry — iR L
b = Rt My p= "y satisfying  [b, b1] =1
V2l V2l
We have the Hilbert basis :
at"pt"” bt at"

where g is Gaussian

We can now define the projectors :

> projector on nLL : My :=>"7" 0 [@nm) (©nml

» space localisation : 1, g(x,y) = g(x — R)[M,(x — y)g(y — R)

Resolution of identity : Y0 (M, =1 and > " [, r =1

(10)
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Energy functional
Let 'y be a density matrix on L?sym(RzN), with 'y,(\,l) and 7,(\,2) its first and
second reduced densities.

The energy is :
1
Enlrn] = Tr(myy)) + 5 Tr(wyy) (12)
We define the Husimi functions :
> m(l)(n, R) := Tr(I_I,,,R*y,(Vl))
| 2 m(Q)(nl, no; Rl, R2) = Tr ((I‘Inl,Rl X nnz’Rz)’yl(\?)>

The total density is p(x) := 'y,(\,l)(x,x) andc

p= Z mM(n,.) + error term (13)
n=0



En(n] 2228 <n+ ;) /m(l)(n,x)dx

RZ

+NZ/V ymM) (n, x)dx

+ 5 Z / w(x — y)m(z)(nl,x; ny, y)dxdy + error terms
n17n2R2 R2

(14)

» We make the mean field approximation : m? = m() @ m(®)
» m satisfy the Pauli principle: 0 < Ty <1 = 0< mW(n,R) < %
» By subtracting LLL energy, in the large magnetic field limit :

Eclassp] = / Vp+ - / / w(x — )p(y)dxdy + error terms

R2 R?
(15)
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Useful tools

Theorem 2 : (De Finetti or Hewitt-Savage)

Let u € Ps(QV), a symmetric probability measure, there exist a
probability measure P, € P(P(2)) such that :

VneN,puln = / p®"dP,(p) (16)
P@Q)

where 1(" is the nt" marginal of 4
Theorem 3 : Lieb's variational principle

If 71 is a positive operator of trace N such that 3 < 1, then :

EY < Enr(m) (17)

with :
> Y2z, w; 2, w') i= iz, 2w, w') = ya(z W)y (w; 2)
» Enr(r1) := Tr(hm) + %Tr(w*yz)
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Magnetic periodic boundary conditions

Goal :
» g lowest Landau levels fully filled
» g'" Landau level partially filled with ratio r

Q =10, L)% take B=V AAso TRA— A= Vg, and define :

TR = efiSDR Tr (18)

Properties
> [1r, (iV+A)?] =0
> faQ A-dl = BL? = 21d where d is the is the degeneracy of the
landau levels

i Lo N 27N
> we fix, in the limit 3 = 27 =q+r
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Energy functional :

Eatnslm(a, )] = / Vin(g. )+ 5 [ [ wix = y)m(a.xym(q.y)drdy
Q Q

Q
(19)
with ['m(q,x)dx = § = # and m(q,x) < %
We have the Hilbert basis :
1 n 1 n
©nli \/»IBT 71,59000 - LaT ®00 (20)
where ©qg is a theta function :
d .
ool = o ({20 (21)

with 9(2’ 7.) — EkeZ ei7r7'k2+2i7rkz
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Theorem 4 : Convergence with magnetic periodic conditions
If w > 0, and some regularities assumptions on potentials V' and w, we

have in limit §f = 228 — g+ r

E% — E
E(N) = % — 5((:)/355 (22)

Where E, is the energy of q lowest Landau levels and their interactions
with the g/evel.
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Main steps in the proof of theorem 4

Upper bound :

» With m(q,-) minimizing E.j.ss, We build the test state :

2nN
v = 5 m(q, R)MNg rdR

Q

> With Lieb's result :

lim E(N) < Ecass(p)  where  poy(x) = 71(x, x)

» Varying g and using the following lemma :

B
Uniformly, M, ,(z,2z) ~MNy(z,2) = 5
™

we show :

lim E(N) < &2

class

(23)



Lower bound :
Let (F'n)nven be a minimizing sequence of lim E(N)
(2 )(

> Extract a weakly* convergent sequence from m
» With Fatou inequality :

q.9;")

lim inf//[w(x —y)+ V(x)+ V(y)] dmg\?)(x,y) (27)
Q Q
> [ [1wlx =)+ V) + Vil dm®(x,y)
Q Q

» Then, with De Finetti theorem m(?) = fp(Q) m®2dP,(m), so

lim E(N (28)
///[wx— )+ V(x) + V()] dm®2(x, y)dPu(m) > £,
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Prospects

» Generalize to the case of non repulsing interactions
- we must construct a Slater determinant as test state instead of
using Lieb's theorem

» Study some related evolution problems

Thank for your attention :)
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