GYROKINETIC LIMIT OF THE 2D HARTREE EQUATION IN A LARGE MAGNETIC
FIELD

DENIS PERICE AND NICOLAS ROUGERIE

ABSTRACT. We study the dynamics of two-dimensional interacting fermions submitted to a homo-
geneous transverse magnetic field. We consider a large magnetic field regime, with the gap between
Landau levels set to the same order as that of potential energy contributions. Within the mean-field
approximation, i.e. starting from Hartree’s equation for the first reduced density matrix, we derive
a drift equation for the particle density. We use vortex coherent states and the associated Husimi
function to define a semi-classical density almost satisfying the limiting equation. We then deduce
convergence of the density of the true Hartree solution by a Dobrushin-type stability estimate for the
limiting equation.
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1. INTRODUCTION

Motivated in particular by the physical context of the quantum Hall effect [30} 22]] we study the
dynamics of many interacting 2D fermions in a large perpendicular magnetic field. Atthe many-body
level the set-up would be that of the N-body Schrédinger equation

N
Hy=) { ("’Wf * 3"?)2 + NV(Xﬂ} + D w(x; = x) (1.1)

j=1 Jj<k
for (1) € L?

asym
of the Hamiltonian were chosen to each formally weigh O(N?) in the large N limit. The first term,
because of the Pauli exclusion principle encoded in the wave-function’s antisymmetry and the nature
of the spectrum of the magnetic Laplacian, will weigh ~ max(N?, bN) (say for fixed 7). What we
mean by a large magnetic field limit is a scaling where b 2 N — oo with fixed 7, with time
possibly rescaled appropriately. This will result in a combined mean-field and semi—classicalﬂ limit,
as usual for many-fermions systems. Indeed the Pauli principle will impose the occupancy of a large
number of single-particle quantum states, the hallmark of semi-classical regimes. The most crucial
feature of the large magnetic field regime is that the appropriate classical phase-space is not the
position/momentum (x, p) space. This being perhaps the most novel aspect of the problem, we shall
for now bypass the justification of the mean-field approximation to focus on semi-classics.

Hence we start from the mean-field approximation of the above. This means replacing ¥y, e.g. by
a Slater determinant of N orthogonal one-body wave-functions and consider the time evolution of
the projector on the subspace thus spanned. More generally, and with the above scaling conventions,
this leads to Hartree’s equation

(R?N) an antisymmetric many-body wave-function. The second and third terms

iho,y = [H,.7| (1.2)

with 0 < y(#) < 1 a trace-class operator on L%(R?), that one should think of as being related to ¥ 5
by a partial trace

vy =Tro NN NP
The mean-field Hamiltonian H, is given as

2
H, = (ihV+§xJ‘> + NV +wkop, (1.3)

where

p,(x) = y(x,%)
is the density of y, defined in terms of its’ operator kernel. The Pauli principle (antisymmetry of
Y ,) translates into the operator constraint [33], Chapter 3]

0<y®<T
while the number of particles is set as
Try = N.
The limiting dynamics can be guessed by studying that of a classical particle of charge —1 in
a transverse magnetic field of amplitude b and a force field F. Newton’s fundamental equation of
dynamics gives
Z'"(t)=F@t, Z(t)+ bZ' () (1.4)

2
1Observe the respective roles of 7 and b in the kinetic energy operator (z‘ nv + gxi> .
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For a constant and homogeneous force field, the motion is split into a cyclotron orbit and a drift (of
the orbit’s center) term

|Z!(0)] cos(bt) Ft
— C —
Z(t) = — <sin(bt)> 5 t (1.5)
=:Z(1) ::Zd(l‘)
where we assumed
Z,00)=(0,0)
| Z,(0)]

Z,(0) = =5—=(1.0)

The characteristic time for the cyclotron orbit is ™!, that for the drift is of order b. This suggests,
for b - o0, to observe the motion over a time scale of order b, and that the cyclotron motion will be
averaged over in the limit equation, its’ radius being given by

/
re 1= —lZC(O)| .
b
Then, if we assume a more general force field F, slowly varying on the scale of the cyclotron orbit,
we should expect to leading order an effective equation

FJ_

b

for the motion of the orbit center. Following (I.3) we should set
F=V(NV +wxp)

Zn =

with p the density of particles, which leads via the method of characteristics to a transport-type
equation
0,p+VENV +w* p)-Vp=0. (1.6)

Our goal is to rigorously connect (I.2)) to (I.6) in the limit 5 ~ N — oo. At the classical level this is
a gyrokinetic limit.

At the quantum level, the cyclotron radius gets quantized in multiples of \/;1 where n € N corre-
sponds to the Landau level index labelling the eigenstates of the magnetic Laplacian. L.e. we write
the spectral decomposition of the latter as

o b 1\’ 1
<IV+§XJ') = Z2b<n+§>Hn
neN

where II, is an orthogonal projection (see below for more details). The main difference between
the large magnetic field limit we consider here and more common analysis over the (x, p) semi-
classical phase-space is that the gap 2b between Landau levels will be of the same order as other
energetic contributions. As a consequence our phase-space will be parameterised by R, n € R?x N,
corresponding to the center of the cyclotron orbit’s center and the Landau level index/quantized
cyclotron motion.

Corresponding static problems have been considered at the level of energy ground states in the
series of works [35] 36, |50] for large atoms (see also [19]]) and, more related to our context, for
quantum dots in [37]] (see also [40]]). In particular it is found that for b << N, the problem reduces to
leading order to a (x, p) semi-classical one, similar to the weak magnetic field situation of [34}49,[18]].
The limit energy is the usual Vlasov/Thomas-Fermi functional. By contrast, for b 2 N, one finds a
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magnetic Thomas-Fermi theory set on the (R, n) phase-space. This is the case under consideration
here, seemingly for the first time at the dynamical level.

Indeed, dynamical studies of large fermionic systems we are aware of, even for non-zero magnetic
fields, all proceed on the (x, p) phase-space. The classical counterpart of this work, i.e. the gyroki-
netic limit of the Vlasov equation, has been well studied [26, 8, 20} 16, 28, 21} 38}, 27, 147, 148l [7].
Some results start from Newton’s dynamics [29]. In the quantum literature it is known that the
Hartree equation can be obtained by a mean field limit from the N-body Schrédinger dynamics
(5 25, 24) 141]]. It is also known that the Vlasov equation can be derived in a semi-classical limit
from the Hartree equation [} [2, |4} 32} 31, 46]. The mean field and semi-classical limits can be
coupled to obtain directly the Vlasov equation from the N-body Schrodinger dynamics [12} 13} [14]].
More recent results have been dealing with singular potentials [45], 42, |15} [16].

Closer to our setting, we mention the recent [3] where Euler’s equation in vorticity form is ob-
tained from the N-body Schrédinger dynamics with large magnetic field and repulsive 2D Coulomb
interaction w = —log|.|. This corresponds to the drift equation (I.6) in this context. The cru-
cial difference between [3] and the present contribution is that the former is set in a regime where
the gap between Landau levels is small compared to the interactions. The classical phase-space is
consequently again the position/momentum one. However, [3] can deal with a much more singular
interaction potential, leveraging its’ coercivity.

As regards the approach to the semi-classical limit, in the (x, p) phase-space, the use of the Wigner
function is often the privileged angle of attack. We do not see that such a tool is available for
the (R, n) phase-space we have to consider here. Hence we rely on appropriate magnetic coherent
states wg, € L?*(R?) with Landau level index n, approximately localized around a guiding center
position R. We associate to y a Husimi function

m, (R, n) & (W s YW, )

and study the dynamics thereof. A related approach, based on (x, p) coherent states, has been im-
plemented previously in [[12,[13}[14]]. As it now stands, our method is rather demanding in terms of
regularity of the potentials V" and w (four bounded derivatives essentially). This can be improved
if the boundedness of some moments of the magnetic kinetic energy are propagated in time (see
Remark[5.2]below). We cannot prove this at present: we are in effect dealing with long-time asymp-
totics, for which it is difficult to keep moments under control, even at the level of the classical Vlasov
equation.

Acknowledgments. Work financially supported by the European Union’s Horizon 2020 Research
and Innovation Programme (Grant agreement CORFRONMAT No. 758620). The present contri-
bution is an expanded version of a chapter of the first author’s PhD thesis [39]. We are grateful to
the members of the thesis committee (Thierry Champel, Mathieu Lewin, Soren Petrat, Nicolas Ray-
mond, Laure Saint-Raymond, Chiara Saffirio) for their careful reading of, and helpful suggestions
on, the first version of this text. We also thank Laurent Lafléche for interesting discussions.

2. MAIN RESULTS

2.1. Model and scaling. It will be convenient to work in a slightly different scaling than sketched
in the introduction. We set this up first.

Notation 2.1 (Model).
We work on R2. The one body kinetic energy operator is the magnetic Laplacian

%, 1= (ihV + bA)?



GYROKINETIC LIMIT OF THE 2D HARTREE EQUATION IN A LARGE MAGNETIC FIELD 5

With
Dom (%) :={y € L* (R*) | 4w € L* (R?)}
We work in symmetric gauge, namely the vector potential is

A= %XL (2.1)

where X is the position multiplication operator in R?. We denote by b the magnetic field amplitude,
associated to the magnetic length

n

b
Let V' be the external potential and w the interaction potential, assumed to be radial.

We study a solution y € L*® ([R Ll (L2 (Rz) )) to the Hartree equation

ihdy = [L+V +wxp,.v| (2.2)
where L? is the p-th Schatten class,
py(t,x) = y()(x, x) (2.3)
the density associated to y that we identify with its integral kernel. We will denote
1
H,) =%, +V + Ew * Py, 1) 2.4)
o

Our goal is to obtain from the Hartree equation (2.2)) the following drift equation for a density
p:R.XR?>R,,
0.0+ VIV +w*p)-Vp=0. (2.5)
We will denote
DRIFT ,(u)(t,2) := 0,u(1, 2) + VEW +w* p(t)) (2) - Vu(t, z)
so that our target equation (2.5)) takes the form DRIFT ,(p) = 0.

Our plan is to examine a truly large magnetic field regime where all the terms in the Hamilton-
ian (Z.4) are of order 1. As recalled in Section [3|below, the order of magnitude of the kinetic energy
is hb, which we will henceforth fix to unity. As discussed in the introduction, the time-scale we
work on is of order b. Since we consider fermionic particles, constraints on the density matrix are
imposed to enforce the Pauli exclusion principle. We summarize these conventions below:

Notation 2.2 (Scaling).
We work in a large magnetic field/semi-classical limit

b—>+400, h — 0

b—oo
such that the magnetic kinetic energy is of order 1:
hbb—> 1. (2.6)
Lety € L* (R,, £ (L*(R?)), such that
Tr[y(0)]=1 and 0<ZLy(0) < 2ﬂl§ = ZH% 2.7

define the time rescaled density matrix
VieR,, @) =y (2.8)
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o
If y satisfies (2.2), the equation for the time-rescaled density matrix is
oy =224V +wx ]:i[$+v+w* ] 2.9)
Vb i b Py Vb 2 b Py, Vb .
b

The Pauli principle y, < 27rl§ (which propagates in time, see Lemmabelow) guarantees that the
system occupies a volume of order 1 in the limit

I, - 0

b—oo

Indeed it is known, [30, Chapter 3] or [40, Subsection 1.4], that the degeneracy per area inside a
Landau level is of order / b—2_ A typical fermionic state satisfying (2.7) is a projection onto a N -body
Slater determinant of N orthonormal one body wave-functions with

N =0 L
27rll27

Such a N-particles state occupies a volume of order

N
=0

b

Hence with (2.6) this confirms that all the terms in the Hamiltonian .Z,+V +w* p,, are of order 1. As
a remark, we give an equivalent formulation of this scaling, making connections to the introductory
section. If one takes exactly 7 = 1/b, then (2.9) is equivalent to

ooy 2 2

idy = [(IV +b A) +b°(V+wxk Pyb)’7b]

In other words with the new scaling

bi=h
- b?
Vb '_ﬂy

we have
Tr [7,] = % 7p <1

~ \2 ~
i0,7; = <iV+bA) LBV +wx ps. 7

~ \2 ~ ~
where all the terms in the Hamiltonian <i V+ bA) +bV +wk py, are of order b. The above is the

equivalent of the scaling “particle number proportional to magnetic field”, bx N originally studied
in [37] at the level of ground states, where a magnetic Thomas-Fermi theory emerges as the relevant
effective description.
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2.2. Results. We may now state our main results. We first prove that the density of the Hartree
solution almost satisfies the weak form of the drift equation:

Theorem 2.3 (Dynamics of the Hartree solution).
LetV,we W* (R?) and y, € L™ (R, L' (L? (R?))) be a solution of @2I) with initial datum
satisfying

0<7,(0)<2xl}, Trlr0)] =1, Tr[r0)H,0)]<C
with C independent of b. Let the associated drift operator be as in (2.5). Then, Vo € C*® ([R + X [Rz)
with compact support

2
< Clp,V,w)l,

/ Py (t, z)DRIFTIJ (p)(t, z)dtdz — / @(0, z)py 0,2)dz
R,xR2 ' & R2 ’

for some fixed constant C(@, V , w).

The proof of the above consists of two main parts:

» We define a semi-classical measure on phase-space approximating the exact quantum density. Us-
ing the vortex coherent state y, , (approximately) localized around the position z € C « R? and
(exactly) localized in the n-th Landau level of the magnetic kinetic energy (see Section [3.2] below
for more details) we form the Husimi function

1

(Z’ n) = —
2xl;

<‘//z,neybllfz,n> =:m,(z,n).

Selecting a suitably large cut-off M > 1 for the Landau level index we mimic the true density by
summing the above forn < M

poM = ) my () = p,, (2.10)

i T
n<M

under suitable, mild assumptions.

» Combining the Hartree equation (2.2]) with the algebraic properties of vortex coherent states we
find that p;E’SM approximately solves (for suitably large b and tuned M > 1) the drift equation (2.5)).
The control of the implied error terms is the core analytical part of the proof.

Next, using appropriate stability estimates for solutions of the limiting drift equation, we can lift
the above theorem to an estimate between p, and the classical solution. We denote W, the Monge-
Kantorovitch-Wasserstein (MKW) metric

/ od (u—v)
R2

Wiuv) 1= inf // x—yldutey)=  sup
IVell
where I'(y, v) is the set of couplings between y,v € P (IRZ), namely P (IR“) Srxel(uv)if

7n€l'(u,v) <1
R2xR2 LM(RZ)_

/ z(x, y)dy = u(x), / z(x, y)dx = v(y). (2.11)
Rz R2
‘We then have

Theorem 2.4 (Convergence of densities).
We make the same assumptions as in Theorem with in addition Vw € L' (RZ) ,w € H? (IRZ)
and

Tr [r,(0) |X|”] < C (2.12)

independently of b, for some p > 7.
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p=7

Letp e L*® (IR L (RZ)) solve the drift equation 2.5)). Then Vt € R, and every test function

@ over R?
C min|( 2 )
|/R (0~ pm)‘ <Cet Vw0 (lelhys +1Vell) (Wl (£,.00)) +1, 2453)
2.13)

~i

with
Cp.t.V,w0) = [T [ HyO)] | + IVl o + ]

+ 2wl 20 HVily20)t <1 + C(p) (1 +Tr [r,0) | X|7]) (|Tr [7,(0)H ,(0)] | + 1V 1w + ||w||Lm)
+ € IVl + 0y eV s ) ) (11 s+ il + 10l 2)

([T (@ HyO)] | + 1Vl + eoll ) )

Theorem2.4]follows from a stability estimate a la Dobrushin [17] for classical Hamiltonian equa-
tions. We treat the error between the quantum and classical equations obtained from Theorem [2.3]as
a source term for the limiting equation, and show that the stability theory of the latter (as reviewed
e.g. in [23 Section 1.4]) survives this addition. When considering the limit of the semi-classical
density (2.10), an estimate is obtained directly in Wasserstein-1 metric, see Proposition [6.4] below.
The additional initial trapping assumption (2.12)), and the slight modification of the norm in which
the convergence is measured (2.13)), arise when vindicating the approximation in (2.10). As regards
the additional assumption (2.12)), we note that it is fairly natural for typical initial data. For exam-
ple, equilibria of systems with an additional trapping external potential included in the Hamiltonian
usually decay exponentially in space, in which case one may think that p = co formally.

2.3. Organisation of the paper. Section [3|covers preliminaries, focusing on the magnetic Lapla-
cian and the conserved properties of the dynamics. In Section 4 we introduce Husimi functions,
the associated semi-classical densities and prove that they approximate the physical density. Then
we study the dynamics of these semi-classical densities in Section [5]and prove they approximately
follow the drift equation. The conclusion of the proof of Theorem[2.3]is given in Section[5.2]by com-
bining this with the results of Section [d] We study perturbed classical flows associated with (2.5))
in Section [f] This leads to the Dobrushin-like stability estimate allowing to conclude the proof of
Theorem 2.4]in Section [6.11

3. LANDAU QUANTIZATION AND THE MAGNETIC HARTREE EQUATION

We here recall the usual formalism for describing the magnetic Laplacian in terms of annihilation
and creation operators. Further details about these operators and the properties of Landau levels are
reviewed e.g. in [44] or [40] and references therein. This formalism provides a basis (3.1)) of eigen-
states indexed by two quantum numbers # and m, with n denoting the index describing the Landau
level and m representing “angular momentum minus Landau level index”. To obtain a projector on
a point in phase space, we use coherent states for a fixed »n. In two dimensions, the complex param-
eter in the definition of coherent states can be identified with a position. Consequently, following
e.g. [9, 11} [10], we construct a one-particle state localized at a specific point in space, see Defini-
tion [3.4] Then, we provide some properties of the associated projector. We conclude this section
with a brief recap of the conserved quantities of the Hartree equation (2.2)).



GYROKINETIC LIMIT OF THE 2D HARTREE EQUATION IN A LARGE MAGNETIC FIELD 9

3.1. Landau quantization.

Notation 3.1 (Magnetic momentum and kinetic energy).
We denote by p;, p, the coordinates of the magnetic momentum

t@ . P1 . lhal + bAl
hb = Do - lhaz + bA2

1
with A = XT Define then the annihilation, creation and number operators respectively as

i

.=aa

Va2rh  \2mb

+i . —i
a :=P1 D> 4 ._P1— 1D N

We have the commutation relations:

[a, aT] = 1 (canonical commutation relation)

and may express the magnetic Laplacian as
Zy =20 (N + %)

Notation 3.2 (Landau levels).
We define the n'" Landau level as the eigenspace associated to n € N:

nLL := {y € Dom (.%,,) such that N'y = ny}
The ground level, denoted LLL for Lowest Landau Level has energy E, = hb. o

The Landau levels are isomorphic, and the operator a’/v/n + 1 is a unitary mapping from nLL to
(n+1)LL of inverse a/v/n + 1. Therefore we may, using a', extend a basis of LLL to higher Landau
levels. The Lowest Landau level consists of holomorphic functions pondered by a Gaussian factor,
see e.g. [44].

The Landau level quantization of the kinetic energy corresponds to the quantization of the cy-
clotron orbit. To complete this aspect, we associate an operator to the motion of the guiding center
of the orbit.

Notation 3.3 (Guiding center oscillator).
For the rest of the text, we will identify a vector

X = <x1) € R?
X2

with the complex notation, in bold, X := x; 4+ ix,. We introduce the following position operators

L
o= (1) 2 Pi _1(=p
) ry ) b b\ p
R:=X-r

and associate to R the creation and annihilation operators

R —iR, . R +iR,
c=——= ¢'=z ——=
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The operator r represents the position of a particle in the center of orbit frame. The classical
physics meaning of this definition is that, during cyclotron motion, the momentum is perpendicular
to the position relative to the center to the orbit. Electrons are describing clockwise orbits, thus the
momentum rotated of 7/2 gives us r. Moreover, r is related to the quantization of the cyclotron
pulsation of the orbit because

a_P1+iP2_”2—ir1_ —ir gt ir
Venb V21, V2, Vi,
From the definition of r, the position R of the orbit center is indeed

X=R+r

and related to the second harmonic oscillator

__R_ _ R
VA,V
The components of r, R and X commute with one another. Moreover
[rl, rz] = ili
[Ry. Ry| = —il}
[c, c%] =1Id
[a,c] = [a,cT] = [a%,c] = [aT,cT] =0

We therefore have two independent harmonic oscillators. By successively applying the creation
operators a” and b’ we obtain the desired eigenbasis of the magnetic Laplacian. In symmetric
gauge (2.1), the family defined by

c cf

(pn,m ‘= go0,0 (31)
n'm!
with
-zl
1 b
(P0,0 — e 45

is an orthonormal Hilbert basis of L2 (RZ). The full expression, see [9, [11} 10} 44], is
—2il%a, + ix)"xm) =L
(( b~X ) ) e 41? (32)
n+m+1
Vanm! <\/§1,,)

The orthogonal projector on the n-th Landau level from Notation [3.2]is recovered as

M, = D |@um) {Puml -

meN

Ppm(X) =

3.2. Coherent states. We next define coherent states in order to have wave functions localized at a
precise point in the phase-space “position of the orbit center X Landau level index .

Definition 3.4 (Vortex coherent states).
Let z € C & R%, n e N. We define the associated coherent state
zbt—zb

l:Uz,n =e Valy (pn,O
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and the associated projector
Hz,n = |Wz,n> <Wz,n| . (33)

I, = 2 Hz,n

neN

We let the localised projector

Finally we define for M € N or N; < N, the truncated projectors

N, N
Oy N, = Z I, Hep i=oop oy = Z I,
n=N, n=0
with similar definitions for I, , and IT ,, .. o

We will rely heavily on the following closure relations [9, 44]:

Lemma 3.5 (Coherent states partition of unity).

With Definition
2—112 M.,dz=T, 3.4)
T b R
1
s 2‘& /R Tdz =15 (3.5)
b ne

Moreover, for any ny,n,, py,p, €N

pitp
dz = (\/51,,) o

m!

1

[R— Zpl
27zll27 R2

(pnl,m—pl > <(p"27m_172

m=max(p;.p,) \/(m - pl)! (m - pz)!

Proof. The first two points are standard closure identities for coherent states, whose proofs can be
found in [9,44]]. For the last point, with the change of variable m := m; +p, = m, + p,, we compute

! my+p; _ Myt 2

z zZ 212
e e vdz|p, ><(p .
27[12 m,,mzzeN Vm,!m,! 4/@ <\/§lb> (\/Elb> nym ny,my

(vVa,)"™" nooe

A 3 1 ER

B 271'12 Z A;z (F) e “rdz (pnl,m—P1> <(pn2,m—p2
b m=max(p;.p,) \/(m - D )! b

(3.6)

Won ) (Wan,

1 _
— zh 72dz

27rl§ R2

(\/Elb>pl+p2

Won ) (Wen,

)! (m = p,

m!

(p"1»m—171 > <¢”2»m—P2

m=max(p1,p2) \/(m - pl)! (m - pz)!

_ <\/Elb>111+l?z

Note that y, , is localised around z in the sense that

Ry,,=zy,,
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with fluctuations of order /,, (as can be seen from the next lemma). The following explicit expressions
will be important for us:

Lemma 3.6 (Expression of vortex coherent states).

We have
. n |x: z|2 2izl.x
i" xX=-z Tz
7 (x)= e b (3.7)
U 2z, <\/§1b>
Era— - n _ Ix=z2+ly—z2=2izt -(x—y)
I, , (x,y) = 1 <x Z) -2 e 4
T 2ani2 212
\xfy\272i(xl-y+2zl‘<(xfy))
1 - 412
I (x,y) = Se b . (3.8)
27rlb
Consequently
VL (x,y) = — (3.9)
llb
or, as an operator identity,
VI, = zziz [T, X]| (3.10)
b

We refer to [9] again for the derivation of the above exact expressions, from which (3.9) imme-
diately follows. The latter formula will play a key role in the computation of the spacial derivative
of the density in Section [5|below. We will also rely heavily on an approximation thereof applying to
the truncated projector.

Lemma 3.7 (Spatial derivatives of coherent state projectors).
For the localized projector (3.3) we have

Vi, = L [H X] - ntl < 1 1> <|WZJ1> <Wz,n+1|>
z %, Z,n> i

" i Vi, = Vet ) (Ve

N \n (1 1> (Iwz,n_1><‘//z,n|> @3.11)
\/Elb —i i |Wz,n> <WZ’”_1|

and, summing overn < M,
VJ—H []‘[ ] —”JWH 1 |WzM> <WzM+1| (3.12)
BEM T Brasat |w W '
1 b \/Elb z,M+1 z,M
Proof. Starting from (3.7) we have

Wzn(x) l Z XWn lz(x) Wzn(y) ll/n 11(3")

ViV, VR
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Hence

- n x—z|2+y—z|2=2izt (x—y)
| (X-Z) (y-Z) _x=zt 4y I2
- _ _ a1

2 (% ) =Wz (W () 27rn!l§ < 211% e b

1 < (X-2) (v - z)>" e
2 2
27012 212

and we deduce

z zn(x y) ) Hzn(-x y)+_Hn lz(x y)
lb 2

y_ - e - 7 - v -
212 lI/z n( )Wz n(y) + 21% Wz n(x)ll/z n(y) + 212 Wn 1, z(x)ll/n 1, z(y)
Py oy A

z_zl//z,n(x)l//z,n(y) - l—wn+1,z(x)l//z,n(y) +1 Wz,n(x)wn—l,z(y)
20y V2, Vi,

together with

0511, (%, ¥) =211, (%, 1) + =T, L (x, ¥)
2lb 2lb

_X-Yy -y —
wzn(X)wzn(yH wzn(x)wzn(y)+ — W1 (W, (V)
28 215 213

_X-y — Vn+1

= WY, (¥) + i Von W1 () — i ﬁwn_l,z(xwz,n(y)-

a, va, TV,

This leads to

azlnz’n('x’ y) = (az + a;) HZ,n(x’ y)

Xy — I S
sl Hz n(x y) +i <WZ,n(x)Wn+l7z(y) - Wn+l7z(x)qu,n(y))

\Vn+
I V2,

n [ [
— i (W 2Oz = YW1 200 )

\/—
V21,
and

z2 zn(x y) =i (az - ()i) Hz,n(x, y)
V1 — X Vn+1 (
2 -

=i I, ,(x,y) +
Iy 21,

Yzn (x)wn+l,z(y) + Wn+1,z(x)ll/z,n (y))

Woo1..(0w, ,(¥) + t//z,n(X)wn_l,z(y)>

S|
V21,
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It follows that

le‘[z’n(x, ¥) =ix—_2))1'[z’n(x, y) - vVn+1 < 1 1> (1//27n(x)q/z’n+1(y)>

lb \/Elb =i 1 Wz,n+1 (x)l//z,n (y)

L Vn (1 1) Ven 1 (DY, 0)
\/Elb - Wz,n(x)Wz,n—l(y) '

which is (3.T1). The summation over n cancels telescopic terms, leading to

x—y M+l (1 1) <wz,M<x)wz,M+1<y>>_

vin X,y) =i I x,y) — o
z Z,SM( y) ) z,SM( y) —i i l//Z’M_‘_l(X)l//Z’M(y)

ly Va2,

O

3.3. Conservation properties. We next state some basic properties of the Hartree dynamics (2.2).
Lemma 3.8 (Conservation of mass and Pauli principle).
Assume y, € L™ (R+,£1 (L2 ([Rz))) solves

1
0,7p(1) = e [-fb +V+wkop, o, Vb]
b
and satisfies

Tr [1,(0)] = 1, 0<,(0) < 2xl?
thenVt € R,
Tr [1,()] = 1. 0 < yy(1) < 2al?
Proof. This follows from the fact that the dynamics is Hamiltonian. O
We also have
Lemma 3.9 (Energy conservation).

Assume y, € L™ (R+,£1 (L2 (RZ))) solves

1
(3,}/1)(1) = ? [’gb +V +wx pyb(t), Vb]
1
b
then

d
ETT [J’b(t)Hb(t)] =0.
Moreover
Tr 1] < [Tr [y (L + W) |+ IW 1o

Proof. The equation being Hamiltonian, the total energy is certainly conserved. Then, the kinetic
energy is bounded by

Tr 1] = Tr [y (L + W) =T [ W] <|Tr [, (L5 + W)+ 1IW I

4. HUSIMI FUNCTIONS AND SEMI-CLASSICAL DENSITIES

In this section, we provide the first set of tools mentioned below Theorem [2.3] namely the con-
struction and properties of Husimi functions and associated semi-classical densities.
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4.1. Semi-classical density. Given a coherent state basis over a Hilbert space and a trace-class
operator acting on the latter, the notion of Husimi function/lower symbol is fairly standard (see
e.g. [43] Section 3.3] and references therein):

Definition 4.1 (Husimi function and associated density).
Fory e ! (L2 (Rz)), let

1 1
my(Z, n) = ;li ((I/z’n|}/l/jz,n> = @Tr [Hz’ny] (41)

with the associated semi-classical density
[o¢]
p’(z) = Z m,(z,n).
n=0
For M c Nsuchthat ]l < M <« l;z, we define the truncated version thereof

pye<M(z) 1= ﬁn [YT1, <pr] (4.2)
b

o

The parameter M represents the number of Landau levels we take into account for the semi-

classical approximations. It will be important to have M > 1 when b — oo to recover the true

quantum density p, of a general y (with reasonable magnetic kinetic energy). On the other hand, the

larger n the less the coherent state y, , is localized around z, making the approximation less efficient.

For this reason we will mostly use the truncated forasuitable ] <« M </ ;2, and use moments

of the kinetic energy to discard the contribution to the density of Landau levels with index n > M.
The main estimate we will rely on is as follows:

Proposition 4.2 (Convergence of the truncated semi-classical density). ,
Letk >0,y, € Ll (L2 (Rz)) and assume

Trly] =1, 0<y,<2xl}, TrpZf] <o (4.3)
thenVep € L™ (R?) n H' (R?),

<M -4 k
|/Rz(p<pyb - py )' <ol e M72 4/ Tr [1,11, 2]

1=k

M 20, ifk<2
+C Vol \/Tr [1pZ)] - V/In(M)1,  ifk =2 (4.4)
I, ifk > 2

The first term on the right-hand side of (4.4)) corresponds to the contribution of high Landau
levels. In our approach to the semi-classical limit we will rely solely on one moment of the magnetic
kinetic energy being bounded uniformly in time, k = 1. Observe that then the error terms will be
small if \/ﬂ I, < 1. This constraint has a physical meaning. Specifically, from the expression of
the coherent state (3.7), we can infer that the characteristic localization length for particles in nLL is
\/ﬁl »- Therefore, p;:’SM with \/ﬁ I, < 1represents the semi-classical density of particles localized
with precision better than what is aimed at in the classical equation. The fluctuations of the position
operator will be small in the limit for this contribution.
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We will have to test y, against multiplication operators by nice functions ¢. Using the resolution
of the identity from Lemma [3.5] the gist of the estimate consists in vindicating that

1
pr D)

b n>0

/ // (@) = @(2)) 1, (e YL, (v, ¥)dxdydz = 0
R2 R4

— 00
using that the coherent projector’s kernel

I, ,(x,y) =y, ,(Ow, ()

is strongly localized, for moderate values of n, around z = y = x. We start with a lemma that
will deal with the part of the sum bearing on low Landau levels, A, below playing the role of the
multiplication operator by ¢@(e) — @(z).

Lemma 4.3 (Bounds on expectations of truncated operators).
LetVz € R2, A, be an operator on L? (Rz), k<0,y, € ! (L2 ([R{Z)) and assume

Tr [r,] = 1,0 <y, < 2xl;. 4.5)
Then
[ (AL cn] | d2 < 54/T [, <§ ! /Tr[|A P ]dz)é (4.6)
282 o el <m <3 »-Zp Zi G DF Ja A I, :

andVo € L' (R?) n L= (R?),

Vel llell -
! / o) |Tr (A7, ] | dz 5+\/Tr (1,25
R

w || [Ja P, :
: L= 4.7
,;) (n+ 1k @D

Proof. The main idea is to exploit the sum over Landau levels to introduce moments of the kinetic
energy using

k
M
D+ DT [101] < Yt DFTe [, = 3 [ —5 | v [0,
n=0 neN neN| 2hb <n + _>
2
< Z Tr [ybnnfbk] =Tr [yb,,?bk] (4.8)

neN
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Applying the Cauchy-Schwarz inequality, using Hin =11, , and (&.5) followed by Young’s inequal-

ity we find
M
2
<Y /T [|Az| nz,n] Tr [y211,,,]

n=0

M

<y/272 Y A [Tr [|AZ|2HZ,,,] Tr [y, 11, ]
n=0

M
1
5\/§lb Z <€—Tr [| Al HM] +¢€,Tr [ysz’n]> 4.9)
n=0 n

M
|Tr [Azybnz,sM” - 2 Tr [A7, 11,
n=0

where we will choose €, := e(n + 1) for some e > 0. Integrating in z, using (3.4) and inserting

@) gives

1
27[1,3 R2

M
<y/%i I/T[Azn]d+TH
_\/;b,g(‘) 2nl[2,€n R2 r(l4: e dz + e, r[yb n]
M
5\/zlb Z;/ Tr [|AZ|2H”] dz +€Tr [1,2}]
2"\ & 22l2e(n+ Dk Je ’ ’

Tr [Azyszst] | dz

Choosing now

1

1 - 1 1 ’
¢ = Tr[A2H ]dz—
<27zl = (n+ 1Dk /Rz 42 . Tr [yb.,s,ﬂbk])

2
b

leads to (4.6):
1
;li - Tr [AszHz,gM”dZ
1 < 1 2 %
T k
S\ﬁ”’(wig‘)(wl)k /R e 141 dz) )

M

Tt il

n=0
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Starting again from (4.9),

1

e /[R2 @) [Tr [Az7sT1 cpr]| a2

T

M
1 / 2 k
< /% __ I(p(z)ITr[A m ]dz+€||go|| ST 7,2
2° <Z 27rl§€(n+ Dk Jr2 | Z| = r [ b b]

n=0

Tr[|a 1,

— | Nl
<1/ Z1 L2+ elloll o Tr [r,-21] |
\/;” Z:‘) 27l2e(n + 1)k =T [ 2]

we obtain by choosing instead

M ||Tr [|A,|2 H,J,]

llell L
27l ol o 120 (n+ 1) Tr [7,-2)]

L 1

O
We may next proceed to the
Proof of Proposition Forp € C¥ (Rz), we write
/Rz @ <pn _ p;;:sM> =Tr [(pyb] — i[% /RZ @(z)Tr [Hz,gMJ’b] dz
Tr [(@ — @(2) 11, <pr73] dz + Tr [@I1, 7] (4.10)

_27rl§ R2

Step 1, low Landau levels. We will apply Lemma to A, := @ — @(z). Using the change of
variables

X —2Z

V2,

= X
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and Taylor’s theorem, we get

/ Tr [lo — @(2)° 11| dz = / lp(x) — @(2)|* 1, (x, x)dxd z
R2

R2xR2
2n ezl
= ,12 [ 100-00r " dxdz
n
briyr2
'// z+\/§lbx>—(p(z) |x|2"e_|x|2dxdz
7
R2xR2
2
'// /v(p(z+\/§1bxs).\/§1,,xds x> e ¥ dxdz
Czn
RZXRZ
— // / ‘V(p(z+\/_lbxs)| x| 2D e < dsdxdz
ﬂn
R2xR2

212
<L WValE, [ 1P e ax 2090l (e DR @D
Introducing the notation

pl(x) = x_/l’l]/1<0 + ln(x)ﬂ/1=0 + 11/1>0 (412)

we have the asymptotics

v O(M>™) ifk<2

Y —— —doamm) itk=2 =0(p_, ()
k—1

=0 (1 1) o) ifk>2

Hence (#.3) gives
M

M
1 _
Y e [ Trllo- o@P ML, dz <2 IVl Yo+ 1! = CE IVl p ()
R

= (n+ DF =0

Using we obtain

1
— / Tr [(¢ — 9(2) 111, <] dz
27rlb R2

M 2
1/ 1 1
SE Tr [ybgbk] <2 12 Z (l’l + l)k ,/[R;Z Tr [l(p - go(Z)lZHZ’n] dz)

b n=0

<C Vol 2 \/Tr [1p:Zf] 1y V Pi—a(M) (4.13)

Step 2, high Landau levels. We remark that

75 [T 7o) | < /T [13 10P] T [T ] < Nl /T [T
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and

k 1 1
Tr [l ] < D %Tr L] < > Tr [p,01,2)] = yral /AL SYR 2 BRCRED

n>M n>M
Hence

)Tr [T1, 017] ) <@l e M2/ Tr [T, 5 2] (4.15)
We conclude by combining (#.13)), @.13) and @.10). O

4.2. Improved convergence with confinement. To complete the proof of Theorem [2.4] we need
to improve {@.4) to an estimate in Wasserstein-1 distance. We may do this at the price of an extra
confining assumption:

Proposition 4.4 (Convergence of the truncated semi-classical density with confinement).
Let p > 0, p > 3. We make the same assumptions as in Proposition with in addition

Tr [y, |X|”] < o (4.16)
If4vV/ M1, <17, then

M7 ifk<2

Wi (9, 3=M ) <C) (14T [1|X 1)) |/ Tr (12511, 3 Vi) ik =2

1 ifk>?2
k
+ M2 Tr [, 0L, 2F] + 10070 + le(”‘3>‘2)
We need a technical lemma containing some basic estimates:

Lemma 4.5 (Technical integration results).
Recalling the definition (3.7),

[weull o < Cn+ 1)% L. (4.17)

Letn € N,a > 0and

then
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Proof. Using Stirling’s formula

”Wz,n”Ll

_ =z 2 2
— Ix© t
- / XZ e =1/ lb/ Ix|" e dx—\/z—ﬂlb/ 2+ e™ 3 dn
V2znll, Jre | /21, R? R,
_ |2z L Y 7 N n_ ( +1>
=\/ =7l tre idt =4[ =122 e ldr =27 \/_lb
n! R, h: R, Vn!

n+3 V 2” <21>
2 2 \/_l - —247r4n4lb ~ 2ixd (n+1)4l,,
(27m)4 <—>

As for the second claim in the lemma, an integration by parts shows

[STE

L@ =@+ 1)1I,a)+ad" e 2

so for odd integers

Duany1(@ = Dy 0@ =21+ 1) Dy (@) + @ e

2 2\ !
12n+1(a) =2"n! <I1(a) +e 2 Z 11_‘ (%) )

a2
Li(a)=¢e 2

hence by induction,

and

corresponds to the index i = 0 in the sum. O
We now turn to the

Proof of Proposition Let ¢ a Lipschitz function. Since

/R @ (Py,, =0y <M / (@ — @(0)) <pyb =M )

we can assume without loss of generality that ¢(0) = 0, and hence that

lo() < Vol L |x] (4.18)

Let
._ 1B
R .—lb

and define a partition of unity , yz,ng € C® (Rz, R +) such that

xR+ 1R =1
|z| KR = yp=Lng=0

2
VARl < % (4.19)
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Using (4.10)) for ¢ y instead of ¢, we decompose

1
/Rz @ (pn, _ pz,SM) =m /R2 Tr [((p){R - (p(z);(R(z)) Hz,sMVb] dz+Tr [(PZRH>M?’1;]
b

sc,<M
- /R ong (p, = 0iM) (4.20)
Step 1, low Landau levels. With the bounds (4.18)) and (4.19) we find that, V |z| < 2R,
2 2
|V (0xr) (Z)I < |Vo(z)| + R lp(2)| < [Vo(z)| + R [z IVell 1o <5Vl
Hence
|V (exz)

Using we deduce

L, <51IVoll- VIBO.2R) < ClIVoll - R

< CRI V@l Lo \/ Tt [15-Zf ]V Proa (M)
(4.21)

1
;112, /R2 Tr [((P)(R - (P(Z))(R(z)) ysz,SM] dz

Step 2, high Landau levels. Since
|2 xr(2)| < IVl 1 |2]
it follows from that

’Tr [(P)(RH>MJ’[;” < \/Tr [n |(p}(R|2:| Tr 1,0y | < IVl 1o \/Tr [vs 1X17] \/Tr [75T05 pr -
Inserting (@.14)), we deduce

T [@ xR 73] | < VGl e /T [y |X P M5 [ Te [0, 0 2] (422)

Step 3, tails of the densities. We next estimate the third term in (4.20) . First, using {.18]),

"/Rz T
; (] © ; (/] [

<|IVoll = z z)dz < ———— z|Pp, (2)dz £ ———— X[?|. 423
SIV0lse | 1eln, @z s 0 [ 1elp, (2 < ST XV]. 423

On the other hand, using (4.18) again,

sc,<M
‘./W PHRPY,

<IVolle [ 1al gt oz
[z|>R
M
IVl = /
= — |z| Tr |y, I1,, | dz 4.24)
271'15 Z IzI>R [b Z’n]

We write the spectral decomposition of y, in the manner

Vp = Z A |”i> (”i|

ieN



GYROKINETIC LIMIT OF THE 2D HARTREE EQUATION IN A LARGE MAGNETIC FIELD 23

with 0 < 4, < (27)7'1;% and (u;); an orthonormal basis of L. For |z| > R,n < M, using the
Cauchy-Schwarz inequality, we estimate

2
2
Tr [ybnz,n] = Z )'i |<Wz,n|ui>| S 2 /11' </ |ui| \/ |Wz,n| : V |Wz,n|>
ieN ieN R?
Wil T4 [ Pl =l [ ol @29
ieN R? R?

Hence

It//zn( )| Wiz
= P _— p _—

+T X n i
( r[)/bl l]) sup IxI"e (4.26)

Vamnll, xR 1t|z4 \/Elbx|p

: 2 . . . n\:
The function ¢ — "¢~ 2 attains its’ global maximal on R* atr = \/;z with maximal value (—) ? and
e

is decreasing for ¢ > \/_
Since we assume 4V M1, < 1,7, 1f4lb |x]| > |z]

w2 e Ros Viars v

a1, = 4,
for b large enough, so in this case
| |n \x|2 |Z| n . L2l 2
X o< (4-) ~08) 4.27)
1+ |z + \/Elbx| Ly

If instead 4/, |x| < |z|, we have

| =+ Val,x| 2 121 - \fl,,|x|>|z|( \/—>z
and thus
Lxf2 <£>5
|x|"e 2 <\
5 <
T+ |+ Vo 1+
Putting (4.27)) (4.28)) and (#.26)) together leads to

,, v, )
/Pnlwznls(HTr[“'X']) <4ﬂ>ne—%(4%) P
R? , V2znll, l

(4.28)
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Inserting this and in (.25)), combining with Stirling’s formula again gives

; 2 n :
(n+ D3 1z1\" ~1(at) (e)
Tr [y,11,,| <C (1+Tr [y, 1 X|? <4_> sy,
o] <€ 141 xp]) 2 (il =
1 . o
< (1o xp) | 472 (45]) O
Vil h 1+|2

With the notation of Lemma4.5]
/ |z <4E>ne_%<4%)2dz =113/mr"+2e‘%’2 =ZPI,, <4—R)
Iz|=R Ly 320 %* 3207,
Since p > 3, we can integrate

© p+1
/ kd pdz§21’/ |z|l_”dz=21’+17r/ P2 Pdr = 2—”3
> g Iz|>R R (p—3) RP™

Collecting the above considerations gives

(n+ 1)4 4R 1
/MZR |z| Tr [y,11,,,] dz < C(p) (1 + Tr [y, |X|”])< T [0 ( . > + RH)

that we may combine with (4.24) to get

M
IVell =

on ps“’”’_— / |21 Tr [, 11| dz (4.29)

‘/ R 277:11% 2 l2I5R [b z,n]
Mot
n+1)3 4R M

SCOIIVollpe (1+Tr [y, IXIP)) | 1y ), —=Tpa | — ) + 4.30
<C) IVell, ( r[7b| |])<br§) \/; ”+2<lb> 1?1{1)-3) ( )

But R >4y Ml,> [, so (I n <§>) is increasing, hence it follows from Lemmathat
b neN

M 1 Zl%J“ 1
(n+1)4 4R (n+1)a AR

YU () e B S (3R

n:O l’l! b n:O l’l! b

l J(2n+1)4 4R [ J (2n+2)4 AR
Sy () y G, (4)
=0 \(@2n)! ly Qn+1)!

(2n+2)4 <4R>

h—a— § _—
';) /_(2}1)' 2n+3 lb

{ J n+1 i
(2n+2) el R?
=~ + 1!

;) V@n)! v )Z ( 12>

SIS
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Then using (2n)! > (n)?%,i! > 1 and 8%2 >1,
b

Mt AR
nz::‘) \/; In+2 (Z)
8R2 [%J

n+1
RZ
<2e Z Qn+2)i (n+ 122! (81—2)
b

7-‘1-1 R
<CM%4M (R—2> e 8/2 = CM4 e(1+ﬂ)(M+2)ln( 1)+M In(4)-81; P

Since M < 1;2 for large enough b,

M 1
(n+1)3 I, <4R> <cr 23 “2in(171) -8 204 _ Cl‘l—z}e—’f(w)(g—’ﬁﬂ 1“(’21)).

n=0 \/; lb ’

Inserting this in (4.29), we get

_nu _l_2<1+p) 8_12/?1 ! M
[ omoe =] < co Vol (147 Vb'”’”(’bze ) s
R
b

4.31)

Step 4, conclusion. We insert @.21)) (4.22) (@.23) @.31) in @.20):
K (py,, ~ p;Z’5M>‘ <C) IVl 1o (w [T {1y 2]\ 5O
R
k
+y/Tr [1 | XPP]M 724/ Tt [r01, 0 L] + Tr [y 1X 1] A

11 —
N (1 Ty [yb lep]) (l;Te_le(Hﬂ)(S ~PIn(1; )) n le(p—3)—2>>

Since p > 3, we conclude by noting that

\/Tr [vs 1X17] < \/1 +Tr [y, | XIP] <14 Tr[r, 1X17] .

5. SEMI-CLASSICAL DYNAMICS OF THE DENSITIES

This section contains the proof of Theorem [2.3] We first provide the second main ingredient
mentioned after the statement, namely the study of the dynamics of the truncated semi-classical
density. We next combine this with the bounds of Section[d|to conclude the proof.
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5.1. Dynamics of the truncated semi-classical density. We now prove that p;Z’SM , as defined in

Section@ almost satisfies the weak formulation of (2.3) modulo a suitable choice of | < M <« 1;2.
Here W' is a (possibly time-dependent) generic potential that we will replace with V' + w % p, )
later on.

Proposition 5.1 (Drift equation for the truncated semi-classical density).
Lett € Ry, k> 0,1 > 1,y,n € L' (L? (R?)), W € WH>(R?) and assume

Tr [7,(0] = 1,0 < 7, (1) < 271}
Tr [yb(t)fbk] < 00
0,7,(t) = lliz |-, + Wy, (0] .

b
Then, Vo € L'nwle (Rz),

/ #(2) (=M (1, 2) + VAW (2) - Vi 1, 2) ) dz
R2

1k
MY ifk<i+2

<CD 1@l pinwre W e | /T [1p: LK) 107 S V/In(M)  ifk=1+2

1 ifk>1+2

% ] B R TR
Tr |7p-Zy My g1 M 2
: k —1 .
+ T + Tr [7,24f] Z 71 In(M)  ifk= %
2 p=2 ; p+l
b 1 ifk > >
The proof will proceed from a Taylor expansion of the potential W at order /. Several bounds
will be proved by induction on / and are not particularly more complicated to write in the above
generality. However our choice of / will be set by the a priori bound available to us, as we explain

first:

Remark 5.2 (Choice of the expansion parameters).
In the proof of Theorem[2.3| we take k = 1 to be able to use Lemma[3.9] Then Proposition[5.1] gives

/ o (ope M@+ VW Vp;;’fMa))‘ < CO N9l s W lisice
R

w1 T B2 | P
< Tr [r,(0.L] 1 M + 02 ’“'M+’]+Tr [r,(0-%)] m/ﬁ) (5.1)
I,V M

1+1
The first error above is of order / 2‘1 M 2, the third is of order /,4/ M. In Lemma we will see

3
that M > 1 may be chosen so that the second error weighs / ;IM “2. We are able to control all the
errors if

-1

2 bl
3 I+
l <M< l
lb lb

which is possible if and only if / > 2. Hence the above will be applied to obtain Theorem [2.3] with
the choices k = 1,1 = 3. This will yield error terms

3
EM>+1;' M2 +1,M'/2,
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Since the second term must be o(1), the first one dominates the third, and optimization in M leads
to a choice M ~ 1;6/ 7 and a final error of order O(li/ 7).

If more moments of the kinetic energy are bounded for positive times, we may use the above with
a larger value of k and hence get an efficient estimate for lower /, i.e. asking for less regularity of
the external and interaction potentials.

v

The first step in our proof consists in deriving an explicit equation satisfied by p;:’SM . Most
bounds are then obtained by writing quantum expectations (traces) using integrals of operator ker-
nels. A general term will be an integral in x, y, z € R? where x, y are the arguments of the operator
kernel and z the guiding-center coordinate of the coherent state at hand. As per the observations
of Section [3.2] such integrals are concentrated around x ~ y ~ z. Principal terms corresponding to
Equation (2.3)) are easily identified by replacing W (x) — W (y) (coming from the commutator with
W) by (x—y)- VW (z) and then using (3.12). Some care in controling the expansion of W is needed:

« Using (3.9) (or more precisely, the first term in (3.11))) a factor of (x — y) can make us gairﬁ a
factor of / 12) at the price of integrations by parts (that we can perform using the regularity of the test
function).

» A factor of |x — z| or |y — z| makes us gain at best a factor of /, \/E the localization length of the
coherent state wave-function in the n-th Landau level. Cf the discussion below Proposition #.2]

» There is a truncation error due to the second term in (3.9), calling for some optimization in M.

In (5.5) below the remainder is in a form allowing to leverage the first observation above. Indeed,
the commutator naturally brings factors of (x—y) (think of the commutator with the position operator
X). The remainders in (5.6) are estimated using the second observation, which we formalize in
Lemma 5.4 below. Finally is the truncation error, whose control will demand a proper choice
of M later in the proof, see Lemma[5.6]

Lemma 5.3 (Equation for the semi-classical density and potential expansion).
Lette R, €N,y (1) € Ll (L2 (Rz)) W e WHR(R?) and assume

0,yp(1) = 11% [Z+ W, 7,®)] . (5.2)
b

Denote dPW, the p'" differential of W at z € R?, meaning that dPW, is a p-linear form on R?.
Then, with pf/Z’SM asin Deﬁnition

I p I p
0P M+ VAW Ve sM = gl N N EP 4 Y N Rt (5.3)
p=2 q=1 p=1 g=1
where
I
1
Vo (x) 1= W) = Y, —dP W, (x — 2)®F (5.4)
p=0 b
1
g(l)(z) P= . 4Tr [yb [HZ,SM’sz” (55)
2irl

b

ZNote that this aspect is algebraic in nature: it is not clear that a factor of |x — y| would gain us a factor of li.
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and
1 _ _
EM(z) 1= 3 -Tr [rpd? W, (X — 289D @ (VLI . ) ® (X — )80 7] (5.6)
zlyp:
19z VM +1
11 :
2V2x13p!

Tr ybdez (X — z)®(q—1) ® (-11 :) <|Wz,M> <WZ,M+1|

X — ®(p—q)] 57
|‘l/z,M+1> (Wz,M|> B & ©.7

Proof. Step 1 : Direct computation. We start from (4.2)) and Equation (5.2)):

1
arP;Z’SM(Z) :ﬁTr 071 <u] = Tr [[Z, + W rs] T o]

) 2[71'12
1 1
:21.7[1;: Tr [yb [HZ,SM’ gb + W” = Ziﬂlg Tr [yb [Hz,SM’ W” (5‘8)

On the other hand, using (3.12),

1 <My _ L ose<My oy _ 1l 1
VW (2) - V_pe<M(z) = =VW (2) - V; pif (z)—;liVW(z)-Tr [7, VI, <]

-1
- ZiﬂlZ'Tr [yb [HZ,SM’X : VW(Z)”

VM + IVW(z)- ( 1 1) <Tr [Vb |Wz,M> <WZ,M+1|

+— o
24211 =i i) \Tt [y [Wonrer) (Wenl

Putting together Equation (5.8) and Equation (5.9) yields

> (5.9)

1
Otpflj,SM(z) +Viw(z)- VzpiZ,SM(z) = y 4Tr [J’b [HZ,SM’ W—-X. VW(z)”

il
> (5.10)

b

M+ 1VW(z)~ ( 1 1> (Tr F’b |Wz,n> <‘//z,M+1|

+— .
2\/5%12 =i ) \Tr [y [wonrin) (el

Step 2 : Taylor expansion. We compute

I}
Vi) = Vos) W) = W) = Y W, (7= 9% - (x = 9)
p=0""
1
W) = W) = (=0 VW@ = T W, (7= 9% - (x = 9)
p=2""
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and notice the telescopic expression

p-1 P
V=P~ x-2 =Y -2y -2%" - -2 y-2®"?
q=0 q=1
p p
— Z (x — 2)®UD @ (y — 7)®P -9 _ Z (x—2)®1 Q@ (y— )@
q=1 g=1

P
= Z (x— z)®(‘1‘1) RUy—z—-(x—2)Q(y— Z)®(p—q)

q=1
P
=2 &=y -0® (-2
q=1
Combining the above we express the integral kernel

M. W =X - VW ()] (x,3) =TI, .y (x, ) W () = W(x) = (y — x) - VW (2))

I
=M <p (%, ) (vz,l(y) — V0 + ) ﬁdez (=2 = (x - Z)®p)>

p=2
I p 1
=TI, (%, ¥) <vz,,<y) YV 0+ )Y AW =2 B (-0 @ (- z)®“"‘”>
p=2q=1"%"
Inserting (3.12)) we obtain the operator equality
T, cp. W =X - VW (2)

I p
= [HZ,SM’ vz,l] + Z Z

p=2 q=1

1 _ _
Edvaz (X - Z)®(¢I )] ® [HZ,SM’X] ® (X — Z)®(P q)

I p
=M o Vo] +i03 DD I%d”WZ (X = 224D @ (VLI ) ® (X — 289
p=2q=1%"

I p

G [ M+1 1 - U1 (wem) (Warsi] -
+il —dPW. (X — 2)®4-D ( . ) < zZ,M z,M+1 X — 7)®0P-9)
M\ T L2 WX =% () ([ el ) @K

(5.11)
Step 3 : Conclusion. Inserting (5.11)) in Equation (5.10) we find

Tr [7b [Hz,SM’ vz,l”

se,<M 1 A sc,<M —
atpyb +V-W prb 2i7r12

+2 ) L 1 [rpd? W, (X — 289D @ (VI ) ® (X — )87 7]

2
=2 g=1 27l p!

Py 3 VM

p=1 g=1 2\/57[12])!

-Tr |y, d?W, (X — z)®(q—1) ® <—11 :) <|:ZZZ>1<>V22¢W-;JI|> ® (X — z)®(11—11)
z,M+ z,
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Note that the high Landau level error term in Equation (5.10) is exactly the term indexed by p = 1 in
the second sum above. Finally, defining the errors terms (5.3)), (5.6), (5.7), we get the decomposition

Equation (5.3). O
In the proof of Proposition [5.1] we will use repeatedly the following bound to dispatch the error

terms in (5.6) and (5.7).

Lemma 5.4 (A general error term).
Let y, be a non negative trace-class operator, X = (X, X,) the position operator, r, M € N,
z =(zy,2y) € R* and I1_ y; the coherent state projector (3.3). Define

Em@ = Y Trlyn ][ -z [, -2 (5.12)
i...i,e{12} j=1 j=1
We have the bound
E.p(2) S COE"M™ Tr [y, LI, py g (5.13)

With 11, pr_,. p4, as in Definition[3.4]
We first note a technical bound

Lemma 5.5 (Some integrals).
Leta € R, then

I(a) := L/ |x|“+2"e_|x|2dx ~ ni
ﬂ'l’l! RrR2 n—00
and AC > 0 such that

VneM,I(a) < Cn+ 1)

Proof. With polar coordinates and the change of variable x* - x

l |x|ae—|x|2dx=2/ xa+le—x2dx=/ x%e_“du=r<g+1>
T JR2 R R 2

+ +

where I' is the Euler Gamma function,

[(z) := / e tdt
R

+
We have the following equivalent for the Euler Gamma function (as a direct consequence of the
Stirling formula)

I'(n+ x) N
[(n) x-c
Thus
1 o r (n + % + 1)
I =_r( +—+1)=—
w@ =g+ T+ 1)
and then

1,(a) n:oo(n +1)2 n:wni.

We now proceed to the
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Proof of Lemma We use an induction in r. Define

ny(2) = <IL[(X,»j - zij)> 7b IL[(XZ-J, =z)
j=1 j=1
‘We have
Tr [15(2)(X | = 2D (X = 2))] + Tr [15(2)(X5 — 2T, (X5 — 2)]
=Tr |ny(2) X =D)L, oy (X=2) |+ Tr () (X =2) 1L,y (X - 2)
—Tr [n,,(z) X -2, (E)] + 22(M + 1YTr [ny(2)IL, 441 (5.14)

In view of estimating the first term by induction, we insert the coherent state resolution of iden-

tity (3.5) twice:

Tr [nb(z) X -1, (ﬁ)]

__ 1 Z // Tr [qb(z)flx’k X -2)11, <ﬁ> Hy,,] dxdy

2
(2ﬂl§) k’IENZRZXRZ

Then this becomes
1

(27512)2 =,
1

(27712) kIEN 300

Tr [y (Mi X =0T o0 (X=y) T, | dxdy
xR2

/ (x—2)Tr [nb(z)Hx Ly (X y> ] dxdy

5 y—2) Tr [n,(2)0, , (X = x)TI_ 11| dxdy
27rl2 kdEN

1
(27[12 ) ’ k,leNsz

(x—2) (Y —=2) Tr [n,(2)0, ,I1_ 5,11, )] dxdy
XxR2

(5.15)
and next

Z Vk+1VIi+1 // Tr [”b(z) Wk ) (Weprt| T |Wy,l+1> <‘I/y,1|] dxdy

(2ﬂ12 kIEN?

RZxR2
21
iVl RS // X = 2)Tr [y (LT g W00} (|| ity
(2ﬂ12 kJEN? RO
21 T
l\/_ ° Z k+1 // y- Z) Tr [”b(z) |Wx,k> <Wx,k+1 | l_[z,Ml_Iy,l] dXdy
(2ﬂ12 kJEN? RO
—L_ 3 // (=2 (F77) Tr [T (T1, 11, ] dxdy 5.16)
(2;:12) kIeN?

R2x
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further rewritten as

25M
) // Tr [Wb(z) |‘l/x,M—1> <Wx,M| L, pr |Wy,M> <ll/y,M—1|] dxdy
(2703)" i
R2xR
21
l\/_ b;/_ // x—-2)Tr [nb(z)l'lx Ml'IzM |y/yM> <u/yM 1” dxdy
(27[1 ) R2xR2
l\/_l VM
b2 // —z Tr [nb(z)|wxM 1><y/xM|HzMHyM] dxdy
(27[1 ) R2xR2
+ / (x—12) ( - z) Tr [nb(z)Hx w11, M] dxdy
(2,,,2) E
R2ZxR
Using (3.6) we remark that
—2/ |lI/xM 1><WxM|dx— Z |(PM 1m> <(PMm|
2rl meN
1
272 Jo W) (wy,M_lldx = ’Z{N |2r1.m) (Pr—1.m
1
F Xy dx = \/Elb Z Vi + 1@ ) { Patm |
zl R2 meN
1 /—
5 ) HMyydy = \/_lb Z |(PMm+1> <(PMm|
ﬂ'l meN

Hence, inserting
2zl 2112

/ |lI/xM 1><WxM|dxn
|z|2

z,M—1 z,M
men \/m! \/51,,

1
Mozi2 Jeo

l//y,M> <Wy,M—1| dx = |WZ,M> <l//z,M—l|

21

<>

(5.17)

+1
1 vm+1
— [ xIydxIl 5 = \/_lbe 4 Z - <\/_l > |0rm) (Weont] = 211, u
b

2xl; Jwe meN V/(m+ 1)

1

M ﬁ HM,yydy = Hz,ME

in ( , we see that the last terms vanish and obtain
Tr [1(2) (X = ) Mgy (X=2) | = 22MTr [, 00
With (5.14) we conclude that

Em(z) = 21 ME, 1(z)+212(M+1)8 M+1(2).
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Thus we obtain by induction

Em(2) < CO) (EM)" Y & p141(2). (5.18)

i=—r

Using that

Eom(2) = Tr [pI1 | < M7*Tr [y, Z10, |
from (5.18), we get the desired result

E (D) SCOLE M Tr [, LI, i -

O
Now we can provide the
Proof of Proposition Step 1: Estimate of Eé. We introduce another projector:
Tr [7/, [HZ,SM’ vz,l” =Tr [ybHZ,SM [HZ,SM’ vz,l” +Tr [Hz,sM Vb [Hz,sM’ vz,l”
so with @7) applied to A, := [TI, <y, V.|,
/Tmm%@wz
R2
1] 1
) _2/ ¢(2) (Tr [ybHZ’SM [HZ’SM’VZJ” +Tr [HZ,SMyb [Hz,sM’vz,l]]) dz
I |2zl Jre
M ||Tr [[H <M,V,]2H,n]
Vox ol ol 5o = s ]
= lb 27[1% ~ (Vl + 1)k b==p
Vel ol |2 I,
=) L2\ Tr [7,25] (5.19)

2 & (D

We estimate the Hilbert-Schmidt norm with the changes of variables
X—2z

Ly 2ZEL,
Vi, V2,

This gives

Mz 2]

2 2
r2 = .// |[Hz,n’ vz,l] (x, J’)| dxdy = // (Vz’l(x) — vz,l(y))z |Hz’n(x,y)|2 dxdy

R2xR2 R2xR2

_ 1 2[(x—2)(y—2) n_lellye
= VY, (x)=-V,,() | ———————— 212 dxdy
(2ﬂn!li)2 /Rlszz ( 2! zl ) 2113
2
=(ﬂ.;|)2 /2 5 (vz,l(z + \/Elbx) - Vz’l(z + \/Elb)")> |xy|2" e—|x|2—|y|2dxdy
: RZXR

Using the expansion from Equation (5.4)),

V,,(z + \/Elbx)l < (l+11)! ”leW“Lw |\/El,,x|l+l L “dHlW”Lw ]!
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and similarly with y instead of x. With Lemma/[5.5]

2
2 W

H [Hz,n’ vz,l] 2 <

2(1+1 2(1+1 2(I+1 2n —|x|*=|y?
4 / D (| 20D g P |y P
n: R2xR2

<C Hd’“W”; ((n+D2)™

Inserting this in (5.19),
N
<C+ /”<0”L1 ”(p”L“’ ||d1+1W“Loo 1_2 Z(n + 1)I+1—kli(l+1) /Tr [7b‘=%k]
b n=0
=C Vil el |4 W || T [ G0 pam) (520
with py_;40)(M) as in (@.12).

. 1 P.q
Step 2: Estimate of £ . From (5.7),

VM +1

2\/57[1217! iy i, €12

q-1 p
Tr [yb< (X, - zij)) ((—1)[‘1_1 |IIIZ,M> <l//z,M+1| + |Wz,M+1> <Wz,M|) < H (X, = Zi))]
1

Jj= Jj=q+1

‘ / P(2)E(2)dz
R2

P - -1
& (z) 1= i - dipW(z)z’q

Using the Cauchy-Schwarz inequality, we get

VM
[ o@egiaas| <o law i ol
R2 I
I I
/R2 (€t m (D + €€y 1D+ 2E g u (D + <&, quii(D)) dz

5.21)
in the notation of Lemma(5.4] Inserting the bound leads to

1k

M2
<CE) "W [ lpll o =
b

/ p(2)El(2)dz
R2

<€ (lng)q_l Tr [YbiﬂkaM—qH :M+q]

1 _
L2 T [ B pgiarspege])

ptl_
Since 1 < g < p, choosing € := (lgM) > we conclude

p_ _
' /R PQ@E@dz| < COIVW s lolle M GTe [ B Ty pariiy]  (522)

Step 3: Estimate of 81” I, In order to estimate Equation (5.6)), we start with an integration by parts
for which the following preparations will be helpful.
Let © denote the tensor contraction defined for n,m > k by

U @ - u, of V] @ @ Uy 1= <un|U1> <“n-k+1|0k>”1 Q@ QU @ Uy - Uy
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Identifying d? W (z) with the associated rank p tensor, we notice that

dez(x - Z)®(q_l) ® VjHZ,SM(x, YR (y— z)®(p-‘1)
=V®PW(Z) oF (x — Z)®(q—l) ® anz,gM(x’ YR (y— z)®(p—q)
=V, (x,y) - VEW (2) 07! (x — 22UV @ (y — 2)®P~2

and

Vi VW (z) 0P (x — 2)®U4D @ (y — £)®P~D
= (Vl VO W (z2) oF ! (x — 2)®a D g (y — )@=
+ VW (2) o (Vi ® (x - 2)) ® (x — )22 @ (y — )%
+ ...
+ VOPW (2) @F (x — 2)®4D @ (y — 2)®P-4-D @ (Vj (- z))

but because V1 - V=0,V @ (x —2)= Vi ® (y—2) = (—01 (1)>

Vi . V®pW(z) @p—l (x — z)®(q—1) Q- z)®(p—q)
= (VL V) VOrDw () 0! (x - 2207 @ (y — 2B

0 1

®p P
+ VPPW(z2) © <_1 0

> ® (x — Z)®(q—2) ®(y— Z)®(P—(I)
+ ...

+ VW (2) oF (x - )24 DV @ (y — 2@V @ <_01 (1)>

— <V®PW(Z) oK (_01 (1)>> or2 (x — Z)®(q—2) ® (- Z)@(P—Q)

+ ...

+ (VOIW (2) 072 (x — 224D @ (y - 2)B~4-D) @2 (_01 (1))

=0.
Indeed, since

V®pW(Z), o V®pW(Z) op—2 (x — Z)@(q—l) ®((y— Z)®(p—q—1)

. 0 1Y\. . . . . .
are symmetric tensors and <_1 O) is antisymmetric their contraction product is null.

35
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In view of these considerations, an integration by parts gives

/ P(2)E(2)dz
R2
1 - -
=-— / Tr [y,d"W, (X — 224D @ V(21 .y ® (X — 2077 ?] dz
2zl p! Jr2
1 2 / 1
=- 0, W(2)V; ¢(z)
anip!i“pe{hzw R2 P Iy
g-1 p
T v | TT(%, = 2,) ) eear | TT (%, -2,) )| 42 (5.23)
J=1 Jj=q+1
Using the Cauchy-Schwarz inequality and (5.13) leads to
/ p(2)E(z)dz
R2
M
Cp) 1
5_2 ||de”L°° ”qulle Z/ <€£q—l,n(z) + _8p—q,n(z)) dz
ﬂlb =0 J R2 €
o I
<C) "Wl IVl Y, (enl,%@-“nq—l—k + e—zjv’-q)np—q—k) Tr [y Mg o]
n=0 n
g
Choosing €, := (lin) 27, we conclude
/ P@E(@dz| < CO) AW [l IV @ll o 1y Pyt MDTr [1, L Tpripn] (524
R

Step 4: Conclusion. Putting Equations (5.3)), (5.20), (5.22)) and (5.24)) together we obtain

/ @(2) (dﬂj,f’SM (1,2)+ VW (2) - Vet Z)> dz
RZ

< (VIo ol ||, AT I 2210 a0

I p

2_k,p=2
+ 3D CONVW I @l o M 172Tr (1, Z 5Ty ary)
p=1 g=1

I p
+ 2, 2 CONd Wl V@l 1]yt (M)Tr [ybasﬂ,,knsm,,_l])
p=2 q=1

<C 1@l iaw e W Iyt <\/Tr [16- LK 17"\ Pr—gay (M)
1

!
+Tr [1pLy 1w Z Mg_klz_z + Tr [, 2f] Z IZ_IPk_azl(M)>

p=1 p=2
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and then
M ifk<i+2
[.1<CO @l piawrs W e | /T L8] 71 V/In(M)  if k=142
1 ifk>14+2
M5 itk < P“
Tr (1L Mag 12 arss '
p Db Mol ybi”"zl’” In(M) 1fk—p+1
LM p=2 U ik 2
2
where we used / iM < 1 for the last inequality. (|

5.2. Dynamics of the first reduced density. In this part we conclude the proof of Theorem
What is left to do is to put together the estimates of Sections 4 and [5.1] We start by explaining how
to fix the Landau level cut-off M, as hinted at in Remark [5.2]

Lemma 5.6 (Fixing the Landau level cut-off).
Leta>0,k>0,p€ L! (IR+) ,¥p € L® (R+,£l (L2 (Rz))) and assume

Vi€ R, 7,1 > 0,Tr [y,(0] =1

/R || Tr [y,() L] dt < o0
then AM () € [|1;%] .2 |1;*]] such that
/R | Tr [75()-ZL Mpggy111: m(ysa] 1 < CDIY /R lp()| Tr [1,(0Z)] dt
Proof. Assume for contradiction that VM € [|/;*].2(1;*]] .

/ loOI Tr [7,(DL M1 ] dt>% / lp()| Tr [r,()ZL)] dt
R, R,

then
/ || Tr [74(1).Z)] dt_21 2 / loO| Tt [1,()-LF M py i1 g dt
M=|1
2|1, 5
> / lp()| Tr [r,()ZL)] dt Z -
- w2l
el +1
Z% / lo()| Tr [r,()ZL)] dt
llb J R+
which yields the desired contradiction. 0

Let us now summarize some findings of the previous subsection:



38 D. PERICE AND N. ROUGERIE

Lemma 5.7 (Summary of semi-classical approximation).
Let % <a<landy, € L® (R,, L' (L? (R?))) be a solution of (2.9) and assume

Tr [7,(0)] = 1,0 < 7,(0) < 2x1}
Tr [1,(0)H,(0)] < o0
V,we W (R?)

ThenVo € L' (R,, L' n W (R?)),3M = O (I;*) such that

sc,<M
/R+><R2 ¢DRIFT, " <p7b )

([T (@ HyO)] | + 1Vl + eoll ) (15-2“ * 15“") (5.25)

S C ”(p||L1(R+,LlﬂW1'°°(R2)) (”V”W4°° + ||w||W4ao)

Moreover, forVt > 0 andVyu € L® N H! (IRZ),

‘ /R M (pyb(t) — o=t (0)‘

<C (Il + 18l 2) ([T (1@ HyO)] | + 1V o + leoll ) (1,? + l,ﬁ‘f) (5.26)

Finally, if p > 3 and Tr [yb(t) |X|”] < 00,

1-9_ O6+a

Wi (pyb(t), p;j’SM(t)) < Ci(t,p,V, w) <l,,_2 B

S wir

) (5.27)
with

Cilt,pV10) 2= C) (1+Tr [1,01X17]) ([Tr [1o@ Hy O] |+ 1V Il o + el .- )
Proof. By Lemma[3.§]

Tr [7,()] = 1 and 0 < y,(1) < 2x1}

then with Lemma appliedto W =V + %w * py, and Lemma

e 10.4] < [1e [0+ [+ Jwx]

=|Tr [yb(O)Hb(O)H + HV + %w * Py, 0) Lo

Tt (1O HyO)]| + IV Il + llell (5.28)

IA

Moreover
||V +w* pyb(t)||W4m < WV llweo + llyace (5.29)

For this proof we choose M := M (t — ||(P(t)||L1nWL°°(R2)) according to Lemma
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Using @4) for k = 1 along with 5.28), \/Tr [r,-%| < Tr [1,%,] and M = © (1;%) gives
sc,<M
[ (0= 0)]
_1
<C (Il + 19ull2) (M2 +1,V/M) Tr [100.2))

<C (Il = + 18l z2) ([T [ @ Hy(O)] | + 1V o + leoll ) (l,f + 12'5>

which is (526).

Integrating Equation (5.1) in time with W :=V + w % p, and using (5.29),

sc,<M
[ oo, ()

Tr [7,(0-Z s
/ @@l L1 w10 <Tr [rs().2,] (liM2+1,,\/M>+ [AGEA I 2M+3]> "
- 1M

<C (||V||W4,oo + ”w”W“*‘”)

Then, using Lemma [5.6]and (5.28),

sc,<M
[ o, ()

_ -2 341
<C (IVllyse + Nwllyas) (1,3 Wl 41 )/ ol 1w Tr [15()%5] di
R,

<Cllell (e, paw iy (Vs + lollyas) ([Tr O HO] | + 1Vl + 0l )

[ 4 /3 + l%a_1
b b b

Noticing that

%<a — 2—2a§1—%

we obtain (5.23)).

Let f > 0, we have
-4 @
§<a<1 = 4\/Mlb=(9<lb 2) <l <<lbﬂ
so we can apply Proposition (4.4) for k = 1 and obtain
<M
Wi (p,,0.05" 1))
1
<C(p) (1 +Tr [, |X17]) Tr [1,(0-%)] (1},‘/? VM + M7+ 10770 4 le“"”‘z)
<Cp) (14T [0 1XP]) ([T [ Hy(O)]| + IV 1l o + N0l
=370 5 L Be-D) | po-3)-2-a
<1b2 +1; + 1 +1
Remark that
Pp—1D2pp-3)-2-«

39
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so the optimisation in f is done through

3+
p—2
This choice of f leads to (5.27). t

R

ﬂ(p—3>—2—a=1—§—ﬁ — f=

Next we turn to the

Proof of Theorem[2.3} Let p € C® (R + X IR2) and choose M according to Lemma

Step 1: decomposition. With an integration by parts,

/R . ®(0)p,, (0) - /R e p,,DRIFT, (¢)

= [ o0 (2,001 0)+ [ o050 - /RR (77, = 7} = ) DRIET, (@)
- /R . pye<MDRIFT, (¢)

= /R ,®0) (Pyh(O) - pjjSM(O)) + /R s ¢DRIFT, (p<M)

_ _ s¢,<M
/R . (pyb o >DRIFprb((p) (5.30)

Step 2: third term in (5.30). For r € R, (5.26) implies
p, (1) = p2=M(#)) DRIFT, (@)(t)| < C (|Tr [y, H,O)]| + IV Il . + llwll 1
RZ b Vb 1)
4 1-¢
(|priFT, @0, + |VORIFT, @0 ,) <1; +1, 2> (5.31)

Hence we estimate

”DRIFTI,M((p)(t)HLm = oo + VAWV +w * p, ) - qu(t)”Lm
<100 e + (IVV I e + IVl 1o ) V@Il oo

and

HVDRIFT% (@)(t)

12

- “a,v(p(t) +V (VL(V +wkp, ) qu(t))

12
<[00 2 + (IV llwzes + IW lly2) 1Y@ + (IdV Nl + lldwl ) a0

L2
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SO
/R + ”DRIFprb((p)(t)”Lm + ||VDRIFprb((p)(z)”L2 dt
<(T+ 1V Iwee + llwlly2e)
/ (lo:0®ll 1 + 190Dl = + [0V 2 + V@Ol 2 + ||a0)] ) o
R‘F
S (l + ||Vllw2,oo + ||W||W2,oo> ”(p”W]'I(RJr,Wl’m(‘le(Rz))
thus (5.31)) implies
/R N (p}’b _ piz,SM> DRIFT/be((p) <C ||(p||W1,1(R+’W1,WnH2(Rz)) (1 + IV lp2e + ||w||W2,oo)
WX
a 1-2
([t @ H,O] |+ 1V 1l o + el ) (1; +1, ) (5.32)

Step 3: conclusion.

Inserting (5.26)) for u := @(0), (5.23) and (5.32) in (5.30), we get

0)p, (0) — DRIFT
/[R X »(0)p,,(0) /[R e Py, 0y, (@)

a 1-2 3a—1
< Clg. V., w) (1; SN e b >

Finally,
@ min(%,1-2,2-2 §ac—l)
2’ 2’ 2
is maximal at2 — 2 = —1 + %a, so we conclude by taking
._ 6
a =z
7

6. STABILITY FOR PERTURBED CLASSICAL FLOWS

Our limit model, the drift equation (2.5)), enjoys stability estimates with respect to the initial data,
by transport arguments a la Dobrushin [[17] (see e.g. [23) Section 1.4] for exposition of this material).
In this section we include a small source term in this formalism, with the goal of treating the error
obtained in Theorem [2.3] in this way. This will provide estimates on the difference between the
density of the solution to the quantum evolution and the solution of the limit equation, leading
to the proof of Theorem [2.4

6.1. A Dobrushin-type Estimate. We aim at comparing a solution to the drift equation (2.3)) to a
solution to a similar equation with a small source term and a possibly different initial datum.
Let S, be function of time and space. Let p, be the solution to

0,pp + VIV -V, + Viw % p, - Vp, = S,(t, 2)
ppto:*) =t ppo € L' (R RY) || ppoll ;1 =1 (6.1)
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and p the solution to
0p+ VIV - Vp+Viwxp-Vp=0
pltg.*) = py € L' (R%R,). [|po|l . =1 6.2)
Let Z (1,1, zy) be the flow defined by
0,Z (1,10, 29) = VIV (Z (1,19, 29)) + VEw * p(t,#) (Z,(1,15. 20)) (6.3)
G,Zp(to, fos 20) = Zg (6.4)
We claim the following, which is classical for S,(t,z) =0

Proposition 6.1 (A Dobrushin-type Estimate).
With the notation above,

Wioy(0), pta) < 20 bz b=l (W, )+ £5,0)

with

Es, (1) 1= (6.5)

t ot
/ / // Viw (Zp (z,t0, ) — Z, (7, v,x)) Sy (v, x) ppo(ydrdvdxdy
to J1, M R2xR2 b b ’

We will use characteristics for the above equations. For a general, time-dependent, potential W/
the PDE

0.p(t,2) + VW (t,z) - V_p(t,2) =0
is a transport equation with velocity field V-W, thus we define the flow

RxRxR? — R2

= t,tys 2o = Z(t, 1y, 2g)
as the unique (by the Cauchy-Lipschitz theorem) solution of the ODEs

0,Z(t, 1y, 29) = VW (1, Z(1, 1y, 2,))

We denote Z(t, 1, +),.c the push-forward of a measure ¢ by the above. We then have the classic

Lemma 6.2 (Characteristics).
Let

p(t,e) 1= Z(t,1y,°).p9 + /I Z(t,7,9),S(r,0)dt 6.7)
1
then 0
0,p(t,z) + VLW(I, z) -V, p(t,z) =S, 2)
p(tg,*) = py
Proof. Lett,7 € R the flow satisfies
Z(t,t,Z(1,t,9) = ldp (6.8)
SO

Z(t, 1,97 = Z(1,1,9)
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Thus can we rewritten
t
p(t,z) = po(Z(ty,1,2)) + / S(r, Z(7,t,z))dr
)

Now compute
9,p(t,2) =0, Z(1y,1,2) - Vpo (Z(ty,1,2)) + S (t, Z(1,1, 2))

t
+/ ()IOZ(T, t,2)- VS (7, Z(z,t,2))dr
)

t
=S, z)+ atOZ(tO,t, z) - Vpy (Z(IO,I, z)) =+ / OIOZ(T, t,z)-V,S(z,Z(z,t,2))dt
)

and
VW (t,2) - V,p(t, z) =dp(t,»), VW (1, 2)
=dpo 73104 Z 01,9,V W (1, 2)

t
+ / dS(1,) 71d Z (T, 1,9) VW (1, 2)dT
Ty
=Vpo(Z(ty,1,2)) - d Z(tg, 1,+), VW (t, 2)
t
+ / V,S(t, Z(7,t,2) - d Z(z,t,%), VW (t, z)dt
)

Together the above give
0,p(t,2) + VW (t,z) - V_p(t, z) = S(t, 2)

+ Voo (Z (11, 2)) - (a,OZ(to, t2)+d Z(tyt, ), VW2, z))

t
+ / V.S(r, Z(1,1,2) - (a,OZ(r, 1,2) +d Z(z,1,%) VW, z)) dr 6.9)
Iy
But (6.8) also implies
dZ(t, T, .)Z(T,I,Z)dZ(T’ t, .)Z == IdRZ

%Z(t, 7, Z(7,t,2)) = 0,Z(t,7, Z(7,1,2)) +d Z(t, 7, -)Z(,,,,Z)a,o Z(t,t,z)=0

therefore, combining with (6.6) and (6.8)) leads to
0, Z(z,1,2) = — (dZ(t,7,9) 7040 ! 0,Z(t, 7, Z(t,t,2)) = —d Z(z,1,9),0,Z(t, 7, Z(1,1, 2))
=—dZ(r,1,%), VW (1, Z (t,7, Z(1,1,2))) = —d Z(z,1,%) VW (1, z)
so we conclude by seeing that the last two terms in (6.9) are null. O
Next we introduce couplings as in (2.11)) to state the

Lemma 6.3 (Coupling).
Let py and p be as in (6.1) and (6.2). Let r, we a coupling between p, and py and introduce the
notation

D, (1) = // |Zpb(f, tos X) = Z (7,1, )| d7y(x, y)

R2xR2
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then

D, (1< ( D, (1) + gsb(,)> 2V w2+ IW lly2.c0) =10
with the same notation as in (6.5).
Proof. Starting from (6.3), (6.4),

Zpb(t, 1o Zb,O) - Zp(t, 1o Zg) — (zb70 — zo)

t t

=/ VE(V +w * py(z,9)) <Zpb(r, 1o, zb’0)> dr — / VEWV +wx p(t,9) (Z,(7. 19, 29)) d=
Ot 0

=/ (le (Zpb(r, to, zb’0)> — VY (Z,(z 1, zO))> dz

t t
+ / / Vlw(Zpb(r,to,zb’o)—x)pb(r,x)drdx— / / Vi (Z,(z, 10, 29) — ¥) plz, y)dzdy
ty JR? ty JR?

Using Lemma [6.2]

t
pb(T’ x) = pb,O <Zpb(t()’ T, x)) + / Sb (V, Zpb(va T’x> dV, p(T’ y) = pO (Zp(t()v T, y))
To

and inserting this in the above leads to

Zpb(t’ to, Zb,O) - Zp(t, t()’ ZO) - (Zb,O - ZO)

- /tt (le (Zpb(r, to, zb’0)> —VY (Z,(z 1, zo))> dr

t
+ / / VLLU(Zpb(T,tO,zb’O)—x) pb’()(Zpb(to,T,x))dex
1ty JR2

t
- / / VW (Zy(10:20) = ¥) po (Z, (10,7, ) ddy
rh JR
t t
+ / / / V4w (Zpb(r, o, Zp0) — x) S, (v, Z, x)) drdvdx
ty Jt, JR? ’
Since the flow is divergence free it preserves volume, thus with the changes of variable

Zpb(tO’Tax) = X, Zp(t()’ T, J’) g y
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and again Z pb(v, 7, x) + x for the last integral,

Z/Jb(t’ to, Zb,O) - Zp(t, to, Zo) - (Zb’o - Zo)

t
:/, (V4V (2,010 200 ) = VYV (Z,(5.10.20)) ) d
0
t
+ / / viw <Zpb(T,IO, zb’o)—Zpb(r,to,x)> pyo()dTdx
1ty JR2
t
—/ /2 Viw (Zp(T,lo,Zo) - Zp(T,lo,Y)) po(y)dtdy
t R
OI t
+/ / / VLw<th(r,t0,Zb,o)—Zpb(f, v,x)) Sy (v, x)drdvdx
ty J1y JR?
t
:[ (VLV(Zpb(r,to,zb,0)> —VLV(ZP(T,tO,zo)))dT

11

// (vlw (Z,(5, 0 20) = Z (2,10, 7)) — Vi (Zpb(f, s Z0) — Z,, (T 1o, x)))

R2xR2

t t
drdzy(x, y) + / / / VJ'LU(Zpb(T,tO,zb’O)—Zpb(r,v,x)>Sb(v,x)devdx
tg J1, JR?
Next, using

V4w (Z,(t, 1, 20) = Z,(5. 19, 9)) = V3w (zpb(f, t0: 20) = Z,, (T, to,x))‘

< V4w (2,510, 20) = Z,(510:)) = V40 ( Z,, (2010, 250) = Z,(7, to,y))‘

+

viw (Zpb(f, o> 25,0) = Z,(T. 1o, y)) —Viw <Zpb(r, 0, 250) = Z,, (7, to,x)>

S ”w“W2’°° <|Zp(r9 tO’ ZO) - Zpb(T’ t()’ Zb,O)' + |Zp(T’ t()7 Y) - Zpb(T’ t()’ x)|>
we obtain
t
|Z/’b(t’ to, Zb’o) - Zp(t, to, Zo)| S |Zb,0 - Zo| + ||w||W2°° / |ZP(T’ to, Zo) - Zﬂb(T’ to, Zb,0)| dt
Ty
t
+ w200 / |Z,,(T, 10, 20) = £, (7, 1, Zb,0)| dz
Ty
t
+ ”I/U”WZ,oo / / |Zp(7‘—7 t07 y) - Zpb(T7 t07 x)| dﬂb(xv y)dT
Ty

R2ZxR2
t ot
+/ //
ty Jto JR?

V4w (zph(r, s 20) = Z,, (T, Vs x)) S, (v, x)| drdvdx




46 D. PERICE AND N. ROUGERIE

and integrating against ,(z, , zy) we obtain

t
D, () <D, O+ (IV llyzes +2 0llyaer) / D, (1)dz
Ty

t t
+ / / // viw <Zpb(T, 10s Zp0) = Z,, (T, V, x)) Sy (v, X) ppo(zpp)dTdvdxdzy
o J1o

R2xR2

t
SD”b(0)+2(||V||W2,oo+||w||Wz,oo)/ D, ()t
To

t t
+ /t /t // viw <Zpb(T, 10, y) — Z,, (7, v, x)) Sy (v, x) ppo(ydrdvdxdy
0 0

RZxR2
O
We conclude this subsection by giving the
Proof of Proposition[6.1] Define
D, 3) 1= (2,,0,10,20. Z,(0,10,9))
(1) 1= by
Then
m,(R%, A) =x, (Zp,,(to, 1, R?), Z, (1. 1, A)) = 1,(R?, Z,(tg. 1, A)) = po(Z,(tg. 1, A))
=Z,(t,19,%)..P0(A) = p(t, A)
and similarly for the second variable thus 7,(¢) is a coupling for p,(#) and p(¢) and
W, N, p(t)) = inf x —y|ldn(x,
1@, p) = ot o) / |x =yl dz(x, y)
RZxR2
= inf x—yldo, m (x,
L / [ =yl deby, my(x. )
RZxR2
= inf Z (t,ty,x)— Z (t,ty, y)| dm,(x,
. // 12,810, %) = Z, (8,19, )| dy(x, )
RZxR2
= inf D, (< e2(||w||W2,oo+||W||W2,oo)ll—to| inf D, (0)+ &g (1)
m€l(py0.00) P 7,€0(py0.00) P b
=21l il 2e) 1=10] <VV1(/’b,O’ Po) + ‘9S,,(f)>
O

6.2. Application: proof of Theorem 2.4 As in Section [J] it is convenient to first consider the
dynamics of the truncated semi-classical density:

Proposition 6.4 (Convergence of the semi-classical density in Wasserstein metric).
Let % < a < 1. Under the same assumptions as in Theorem with in addition

Vwe L' (R*),w e H* (R?),
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if p € L™ (Ry, L' (R?)) solves the drift equation 2.3) then IM = O (I,*) such that

W, ( P (), p(t)> <21l 200+ IV Il 2.00)t

3a-1
(Wl (P01, p®) + G0,V ) <1§'2“ +12 ))
with
Co(t.V10) :=Cr IVl 1 + il 0V w2 102 ) (1Y e + el + o0l )
([T (@ HO] [+ 1Vl + 0l )
Proof. We will apply Proposition [6.1] with
Vb

S, := DRIFT sccn ( psc’fM)
pyb

where the drift operator is defined in (2.5). We need to estimate the error term & 5,(f) coming
from (6.3). We define

T
ot z) 1= Viw(Z, (£,0,x)—Z, (z,1,2)) p’<M(0, x)drdx
0 R2 Py Py I
so that

&s,(T) =

sc,<M
+

sc,<M
/R ., @lonDRIET,, (s )'
.

1 _ ,S¢,<M | sc,<M
/R <2 @0 V7w % (p”b Py ) prb
+

=1 & (1) + &5 (T). (6.10)

<

+

Step 1: we estimate ¢ € L' ([0,T], L' (R?) n W' (R?)). Let 7 € [0, T]. With the changes of
variable Z ), (r,t,2) > z,
b

T
le®]l 1 5/ // viw (Zpyb(r,O, x) — Zpyb(r,t, z)) Ppo(x)|drdxdz
0 R2xR2
T
:/ // viw (Zpb(r,O,x)—z) PpoX)|drdxdz < T ||[Vw|| .1 (6.11)
0 7 ’

R2xR?2
by performing the z integral first. Moreover
lot, 2)| <T [[Vwl| 1

and

T
V.0t 2)| < lwllpre / |dzpyb(f,z,-)z dr. 6.12)
0



48 D. PERICE AND N. ROUGERIE
But, using
_ L
Zpyb(f’t’ zZ)=2z+ /t \% <V +w % pn) (Zpyb(s,t, z)) ds
we get
L] = J- L]
dZ, (0,t,%), =g + [ dv <V +wx py”>2pyb(s,t,z) d (Zpyb(s, :, )z> ds
SO

|az, .t ds

T
S|IdRz|+(|IV||Wzm+||w||W2,oo)/t d(Z%(s,z,.)z>

Hence, applying Gronwall’s lemma,

|de (t.1, .)Z| < V2V eIl 20711
b
With (6.12)), we conclude that
T
V.01, 2) S\/QHM)"WM/ IV 20l 20 e=11 4 7
0

<V2 |wlly e TellV w2t lielly2e)T

Collecting the above estimates we find
oDl 1aw1o(r2) < CT <||Vw||L1 + [|wllypao e(||V||W2,oo+||w||W2,oo)T>

and thus
“(Pﬂ [0,7] ||L1(R+,L1nWL°°(R2)) = ”¢||L1([0,T],L10W1~°°(R2))

<CT? (||Vw||L1 + w2 e(”V”ww"wllwzm)T) (6.13)
Step 2: bound on €§h (T"). We choose M according to Lemma With the symmetry of w,

Vb b

<M <M N 1
[t (o= =) (Voo ) e v
+

2 L <M <M
8Sb(T)=‘/ TorVe -V w*(pyb—psc< )psc<
R, XR?

Then, using (5.26) with

ut.x) = (Vop M) * V4w 1= / P =M Ve, ) - V4w - y)dy

leads to

T
.0 <C [ (Mol + 1940 2) ar
0

(11 b0 [+ W e + i) (1 +1,77).
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With Young’s convolution inequality,
IOl < NVeOIl Lo VW]l Lo

IVuol: < | (Vors")

75(®)

Ml < IVeOIl o w2
L
SO

£,(1) <C ||oT 7| (IVewll o + 0l 2)

LR, W (R2))

([T @ H,O] |+ 1V 1l o + lleell ) (lf + l},‘%> . (6.14)

. 0 . . 1 .
Step 3: conclusion. There remains to estimate £ 5,(T)- With (3.25),

eL.(T) <C @101 (N llwace + o)

LI(R,,L'nW 1= (R2))
_ 3a-1
([t (@ H,O] |+ 1Vl o + Nl ) (li D )
We combine this with (6.14)) and insert the resulting bound in (6.10):

€5,(1) <C || @101 (IV s + t0llgacs + a0l 2)

LI(R,,L'nW .= (R?))

a 1-2 3a—1
<|Tr [yb(O)Hb(O)” + V1w + ||w||Lw> <1; R ¥ A >

Note that
%<a — 2—2a§1—%
3 a
<1 —a—-1<—. 6.15
o == 2a =5 ( )
hence using (6.13)),

£5,(1) <CT? IVl 1 + 1l €072 2D} (1 s+ el + 0l )

391
([t (@ H,O] |+ 1V 1o + Nl ) (12‘2“ +1; )
We obtain the desired conclusion by using Proposition[6.1] O

Finally we turn to the

Proof of Theorem[2.4] Let % < a < 1 and M be chosen as in Proposition From (5.26),

'/Rz @ (py,,(t) — p;j’SM(t))'

a 1-¢
<C (llpllwr= + Vol 2) (|Tr O Hy O] |+ 1V 1l + ||w||Lw) (l; +1, )
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On the other hand, using Proposition [6.4] and then (5.27),

| /R @ (pjj’SM — p(f))

<I1Velle Wi (554 @) p(0))
<[Vl o Utz t IV lhy 2o ) <W1 (£3=M(0).p0) + G0,V ) <l§_2“ + I;H»

<[Vl o e2l2e 4V lly2e )1

-5t ¢ 220, 30
W, (pyb(O),p(O)>+C1(O,p,V,w) I +12 ) + Gy, V) (127241

< (||(P||W1,oo + ||V(p||Lz) 2wl 2.0V 200 )1 (1 + C(0,p,V,w) + Cy(t,v, w))

a_ 6+a a

3
Ty g3, 2=2a , 3% ]
+lb +lb +lb >

1—
<W1 (£,.00)) +1,
Recalling (6.13) and using the triangle inequality,

‘/RZ () (pyb(t) - P(U)

<C(p.1,V,w) (llollyr + Vol 2) (

|—&_ bra 3a—1
24 (pyb(O),p(O)) R l;a >

With
Cp.t,Vw) =|Tr [,V HyO)] | + IV ll o + 0] .

+ 2wl 2004V lly2.00 )t (1 + C1(0,p, V,w) + Cy(t, v, w))
We conclude with with the following optimisation:
aomin(1-2-0FC 5 9y 3,
2 2p-4 2

1s maximal at

) 2p—T7 6
a :=min (2 , =
4p—-7"17

with maximal value

p—17 2>

min | 2 =
<4p—7 7
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