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Abstract

We consider the ground state energy of the Bose–Hubbard model on a graph with large and
homogeneous coordination number. In the limit of infinite coordination number, we prove conver-
gence of the ground state energy to the minimizer of a mean-field energy functional. This functional
is obtained by averaging the hopping term over the large number of connected sites, while the inter-
action energy is not averaged. Hence, the resulting mean-field description is in the strong coupling
regime, and is expected to provide a qualitatively correct picture of the phase diagram of the Bose–
Hubbard model for large enough coordination number. For our proof, we develop a new version of
a de Finetti-type theorem, which we call the polaron-type quantum de Finetti theorem, and which
we expect to be a more broadly useful extension of existing quantum de Finetti results. Our the-
orem covers the case where the Hilbert space is a tensor product of some Hilbert space with a
bosonic Fock space. This theorem is applied to the convergence of the ground state energy of the
Bose–Hubbard model after reducing it to a polaron-type model.

1 Introduction

1.1 Context

The Bose–Hubbard model [12] describes bosons on a lattice with on-site interactions and hopping
between nearest neighbours. As a lattice model, it is amenable to rigorous analysis, while being rich
in phenomenology. In particular, it is expected to exhibit a quantum phase transition between a Mott
insulator and a superfluid state [11]. In the mathematical physics literature, there are only a few
rigorous works on this type of phase transition. Without being complete, let us mention the following.
The work [4] considers the Bose–Hubbard model on a complete graph, which considerably simplifies
the problem as the model is then symmetry under permutation of lattice sites. For this model, rigorous
proofs on the thermodynamic behaviour are given, and the corresponding phase diagram is analysed.
In [1], the authors prove Bose–Einstein condensation for the hard-core Bose–Hubbard model at half
filling with periodic external potential in the regime of small external potential and low temperature,
and the absence of it for large external potential or large temperature. In [10], bounds near the
critical line of the Mott insulator phase are proven for the hard-core Bose–Hubbard model using
rigorous perturbation theory.

In our work, we do not directly attempt to prove the quantum phase transition. Instead, we prove
that the ground state energy converges to that of a mean-field model in the limit of infinite coordination
number of the lattice. The mean-field model is obtained from averaging the hopping term, and hence
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the mean-field theory is a one-lattice site description. The corresponding lattice-site product states
are known as Gutzwiller product states [14, 24]. In this mean-field theory one can compute the
phase diagram with numerical and some analytical techniques, see Figure 1. It is expected that this
mean-field phase diagram is qualitatively correct already for not too large coordination numbers, e.g.,
already in three dimensions for a cubic lattice with nearest-neighbour interaction [11]. This justifies
our interest in the mean-field theory, and the need for a rigorous justification of the validity of the
mean-field limit. Note that for the averaging we have to scale down the hopping amplitude with
the inverse coordination number, hence our limit could be described as a “weak-hopping limit”. The
interaction is not scaled at all, and thus the mean-field theory is strongly coupled. This is in contrast
to weak coupling mean-field limits for bosonic systems, which are not usually expected to exhibit
phase transitions; see, e.g., [3, 13] for reviews and [22] for a result on the Bose–Hubbard model. Note
that to our knowledge this is the first proof of convergence of the ground state energy in the limit of
large coordination number. Recently, we proved a related result [9] for the dynamics. In the physics
literature, our approximation is well-known as a simple instance of the celebrated Dynamical Mean-
field Theory (DMFT), an extremely useful tool to study the dynamics of quantum lattice systems
with large coordination number [11, 15].

A very versatile and general tool for rigorously justifying mean-field limits is the quantum de
Finetti theorem [28, 16]. For the justification of mean-field limits in quantum mechanics, it has for
example been used in [18] to rigorously justify Hartree’s mean-field theory for continuum bosons in
the weak coupling limit. For further references, see the remarks [19], the reviews [25, 26], and [5] for
a quantitative version. Many follow-up works used variants of the quantum de Finetti theorem in
the derivation of mean-field-like limits in quantum mechanics, e.g., [20] for a mixture of Bose gases,
[21] for bosons in the Gross–Pitaevskii limit, and [23] for 2D fermions in strong magnetic fields. The
quantum de Finetti theorem states that reduced k-body density matrices of a symmetric (i.e., bosonic)
state converge in the limit of large particle number to a convex combination of product states. Such a
theorem can then be used in lower bounds for ground state energies. For example, for pair interacting
particles, the reduced two-body density matrix can be approximated by a convex combination of
product states, and a lower bound is obtained by concentration of this convex combination on the
minimizers of the corresponding mean-field functional.

The quantum de Finetti theorem as outlined above does not directly apply to our problem of
the Bose–Hubbard model with large coordination number. This is because our approximation is for
reduced lattice-site density matrices, and the Bose–Hubbard model is not generally symmetric under
the exchange of lattice sites. However, we can generate the Bose–Hubbard Hamiltonian through
translations of a reduced Hamiltonian of just one lattice site interacting with its neighbouring sites.
This reduced Hamiltonian is symmetric in the neighbouring sites. Hence, we prove here a new version
of a quantum de Finetti theorem that applies to a tensor product of a Hilbert space (to describe the
“core” lattice site) with a large symmetric tensor product of another Hilbert space (to describe the
neighbouring sites). Such a structure is also encountered when considering a tracer particle coupled
to a bath of bosonic particles, e.g., the polaron [2], hence we call the corresponding version of such a
quantum de Finetti theorem a polaron-type quantum de Finetti theorem. Note that we cover the case
of infinite dimensional Hilbert spaces here, hence going beyond related finite dimensional versions of
such theorems [17, 5]. We expect this theorem to be interesting in its own right, and regard it as the
main technical novelty of the paper. We note that similar results for composite systems have recently
been proven in [7], where they have been applied to Nelson-type polaron models. This was based on
the theorem from [8], and our Theorem 7 is in the same spirit as such results. We remark that we
explicitly construct the de Finetti measure in the finite dimensional case in Theorem 15.
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1.2 Model

We consider a sequence of graphs pVz, EzqzPN with vertex set Vz and edge set Ez with constant
coordination number z, i.e.,

@x P Vz, |V x
z | — z with V x

z – ty P V | tx, yu P Ezu .

We will consider the limit where z Ñ 8. We first notice that

|Ez| “
z

2
|Vz| , |Vz| ą z. (1)

Remark 1. Some examples of graphs are:

• The d-dimensional square lattice with periodic boundary conditions and length L P N˚, i.e.,

Vd – pZ{LZq
d ,

in the limit d Ñ 8, with nearest neighbours as edges, so that z “ 2d.

• The cubic lattice V3 with connections inside large balls of radius r, so that

z „
rÑ8

4

3
πr3,

with the lattice size satisfying L ě r.

• The lattice Vd with neighbours of order n P N connected, so that

z „
dÑ8

p2dqn

n!
.

The one-lattice-site Hilbert space is ℓ2pCq, and we denote its canonical Hilbert basis by p|n⟩qnPN.
We define the standard annihilation and creation operators a, a˚ satisfying the CCR by

a |0⟩ “ 0, @n P N˚, a |n⟩ –
?
n |n´ 1⟩ ,

@n P N, a˚ |n⟩ –
?
n` 1 |n` 1⟩ .

The particle number operator is

N – a˚a,

and the Fock space is

FVz – ℓ2pCqb|Vz | – F`

`

L2pVz,Cq
˘

–
à

nPN
L2pVz,Cqb`n. (2)

In these notations, b` denotes the symmetric tensor product and F`

`

L2pVz,Cq
˘

the bosonic Fock
space constructed over the one-particle Hilbert space L2pVz,Cq. Equation (2) provides two equivalent
representations of the same Fock space. The right-hand side is the standard “particle representation”,
while we call the left-hand side the “lattice-site representation”. The latter will be the convenient
setting for this paper, as we aim to control correlations between lattice sites rather than between
particles.

We denote by L the set of linear operators, by L` the set of positive linear operators, by Lp the
p-Schatten class for p P r1,8s, and by K the set of compact operators. Given an order ď on Vz, we
denote

@A P L
`

ℓ2pCq
˘

, x P Vz, Ax – 1
b|tyPV |yăxu|

ℓ2
bAb 1

b|tyPV |xăyu|

ℓ2
P L pFzq . (3)
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For a hopping amplitude J P R, a chemical potential µ P R, and a coupling constant U P R, we define
the Bose–Hubbard Hamiltonian

HVz – ´
J

z

ÿ

tx,yuPEz

`

a˚
xay ` a˚

yax
˘

` pJ ´ µq
ÿ

xPVz

Nx `
U

2

ÿ

xPVz

NxpNx ´ 1q. (4)

In view of (1), we note that the kinetic energy is given by

dΓp´∆q –
ÿ

tx,yuPEz

pa˚
x ´ a˚

yqpax ´ ayq “
ÿ

tx,yuPEz

pNx ` Nyq ´
ÿ

tx,yuPEz

`

a˚
xay ` a˚

yax
˘

“ z
ÿ

xPVz

Nx ´
ÿ

tx,yuPEz

`

a˚
xay ` a˚

yax
˘

,

with scaled amplitude J{z, so that the energy contribution is of the same order as that of the one-
lattice-site terms when z Ñ 8. We emphasize that the mean-field limit considered in this work
amounts to averaging over the y variable in (4), i.e. over the neighbouring shell V x

z around x P Vz.
This is the main difference from known results on mean-field limits, which average over particle
interactions [3, 13, 22]. This is also the reason why the mean-field scaling 1{z appears in front of the
kinetic energy in (4), as opposed to the usual 1{N rescaling of the interaction energy.

Note that, using (1), the Bose–Hubbard Hamiltonian (4) can be rewritten for any α P C as

HVz “
ÿ

xPVz

ˆ

´J
´

αa˚
x ` αax ´ |α|

2
¯

` pJ ´ µqNx `
U

2
NxpNx ´ 1q

˙

´
J

z

ÿ

tx,yuPEz

`

pa˚
x ´ αqpay ´ αq ` pa˚

y ´ αqpax ´ αq
˘

.

Then the mean-field theory is obtained by neglecting all terms quadratic in a´ α, and choosing α as
the averaged annihilation operator. Hence, we introduce the nonlinear mean-field operator

hφ – ´J
`

αφa
˚ ` αφa´ |αφ|

2 ˘

` pJ ´ µqN `
U

2
N pN ´ 1q, (5)

with the order parameter

αφ :“ xφ, aφy (6)

where φ P ℓ2pCq is a one-lattice-site state. The corresponding energy functional is

⟨φ, hφφ⟩ “ ´J |αφ|2 ` pJ ´ µq ⟨φ,Nφ⟩ `
U

2
⟨φ,N pN ´ 1qφ⟩ . (7)

1.3 Main results

Our main theorem is the convergence of the ground state energy of the Bose–Hubbard model (4) to
the ground state energy of the corresponding mean-field energy functional (7).

Theorem 2. If U ą 0 and J ě 0, then

inf
ψPFVz

∥ψ∥FVz
“1

⟨ψ,HVzψ⟩
|V |

Ñ
zÑ8

inf
φPℓ2pCq

∥φ∥ℓ2“1

⟨φ, hφφ⟩ .

The proof is given in Section 2.
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Remark 3. Let us gather a few simple facts about the ground state energy of the Bose–Hubbard model
(4). Note that we do not fix the particle number (or density) as a constraint. Then the vacuum state is
a possible trial state, hence the ground state energy is always non-positive. Furthermore, for example,
for U ă 0, we can use a sequence of trial states with increasing density to see that in this case there
is no ground state, i.e., the ground state energy is ´8. Then there are only a few non-trivial regimes
of parameters J, µ, U P R, i.e., regimes where the ground state energy is neither 0 nor ´8. The
most physically relevant regime corresponds to J ě 0, µ ą 0, and U ą 0. The physically less relevant
regimes, with non-trivial ground state, occur for negative hopping amplitude, i.e., when J ă 0, together
with U ą 0 and µ ą J .

Remark 4. In the regime where J ě 0, µ ą 0, and U ą 0, one expects a superfluid phase for
J
U " 1. For small values of J

U , a Mott insulating phase can occur. Mean-field theory predicts a phase
diagram as in Figure 1, and this prediction is believed to be qualitatively correct already for relatively
small coordination numbers, e.g., for a simple cubic lattice (three dimensions) with nearest neighbour
interaction.

Figure 1: Mott insulator (MI) / Superfluid
(SF) phase diagram [11]. The diagram is
obtained by minimizing the mean-field en-
ergy functional (7). Provided a ground state
φpJ, µ, Uq, the Mott insulator phase is de-
fined as region where αφpJ, µ, Uq “ 0.

The upper bound in Theorem 2 follows directly from a simple trial state argument using a lattice-
site product state, see Proposition 8. The lower bound is non-trivial since the Bose–Hubbard Hamil-
tonian (4) is in general not symmetric under the exchange of lattice sites. However, in Section 2.2 we
will show that in the proof of a lower bound it can be reduced to the local Hamiltonian

H1,z –

z
ÿ

i“1

ˆ

´J pa˚
0ai ` a˚

i a0q ` pJ ´ µq pN0 ` Niq `
U

2
pN0pN0 ´ 1q ` NipNi ´ 1qq

˙

, (8)

which is symmetric with respect to exchanging the variables i P J1, zK. Our strategy is to use a
quantum de Finetti theorem suitable for such Hamiltonians in the proof of the lower bound.
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The system described by the Hamiltonian (8) behaves like a system consisting of one particle of a
first type (corresponding to the index i “ 0) and z bosonic particles of a second type (indices i P J1, zKq.
Hence, we introduce the following formalism for bosonic systems with multiple species.

Definition 5 (Multiple-species bosonic states and reduced density matrices). Let H1,H2 be two
separable Hilbert spaces. Given N1, N2 P N, an operator

γN1,N2 P L1
`

´

Hb`N1

1 b Hb`N2

2

¯

satisfying Tr pγN1,N2q “ 1

is called a pN1, N2q-bosonic state. Let k1 P J0, N1K and k2 P J0, N2K. We define

γ
pk1,k2q

N1,N2
– TrHbpN1´k1q

1 bHbpN2´k2q

2

pγN1,N2q

as the pk1, k2q-reduced density matrix, where for i P t1, 2u we trace out Ni ´ ki variables from the
symmetric variables in Hi.

Note that this definition can be generalized to more than two species of particles. Next, we
generalize to Fock spaces.

Definition 6 (Multiple-species infinite bosonic states). We extend Definition 5 to the case where
N2 “ 8. An pN1,8q-bosonic state is a sequence

γN1,8 – pγN1,N2qN2PN P L
´

Hb`N1

1 b F` pH2q

¯

where γN1,N2 P L
´

Hb`N1

1 b Hb`N2

2

¯

are pN1, N2q-bosonic states satisfying the consistency condition

@N2 P N, γpN1,N2q

N1,N2`1 “ γN1,N2 .

Then we can define

@k1 P J0 : N1K , k2 P N, γpk1,k2q

N1,8
– γ

pk1,k2q

N1,N2
for any N2 ě k2.

This definition can be extended to the case N1 “ 8 and to more than two species of bosons.
For such states, we have the following quantum de Finetti theorem. Let us denote by SHs the

sphere in Hs, and by M the set of Radon measures.

Theorem 7 (Polaron quantum De Finetti in the limit N Ñ 8). Let γ P L pH0 b F` pHsqq be a p1,8q-
bosonic state. We assume that there exists a sequence pPmqmPN of projectors on Hs, respectively of
rank m` 1, such that

Tr
´

γp0,1qPm

¯

Ñ
mÑ8

1.

Then there exist

• a probability measure P P M pSHs ,R`q,

• a function ζ P L1
`

SHs ,L1
`pH0q

˘

satisfying, P-a.e., Tr pζq “ 1,

such that

@k P N˚, γp1,kq “

ż

SHs

ζpuq b pbk
u dPpuq. (9)

The theorem is proven in Section 3.
The remainder of the paper proceeds as follows. In Section 2, we provide a proof of Theorem 2.

First, in Section 2.1, we prove the upper bound. In Section 2.2, we discuss the reduction of the Bose–
Hubbard Hamiltonian (4) to the reduced Hamiltonian (8). Additionally, we prove bounds on certain
moments of number operators that are used to verify the assumptions of Theorem 7. With that, we
conclude the proof of Theorem 2 in Section 2.3. Section 3 is devoted to proving Theorem 7. First,
in Section 3.1, we deal with the finite dimensional case, and in Section 3.2, we then use Fock space
localization methods to prove the infinite dimensional case.
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2 Ground state energy convergence

2.1 Upper energy bound

The upper bound is trivial in the sense that it is sufficient to take a factorized state as a trial state.
Indeed, the Bose–Hubbard energy per lattice site for a lattice-site-factorized state is equal to the
mean-field energy.

Proposition 8 (Upper energy bound). Let φ P ℓ2pCq such that ∥φ∥ℓ2 “ 1, then〈
φb|Vz |, HVzφ

b|Vz |
〉

|Vz|
“ ⟨φ, hφφ⟩ (10)

and hence

inf
ψPFVz

∥ψ∥FVz
“1

⟨ψ,HVzψ⟩
|V |

ď inf
φPℓ2pCq

∥φ∥ℓ2“1

⟨φ, hφφ⟩ . (11)

Proof. Using (4) and then (1), (6), and (7), we obtain〈
φb|Vz |, HVzφ

b|Vz |
〉

|Vz|
“ ´

2J |E|

z |Vz|
⟨φ, a˚φ⟩ ⟨φ, aφ⟩ ` pJ ´ µq ⟨φ,Nφ⟩ `

U

2
⟨φ,N pN ´ 1qφ⟩ “ ⟨φ, hφφ⟩ .

Equation (11) follows by minimizing over φ and noticing that φb|Vz | P FVz with
∥∥φb|Vz |

∥∥
FVz

“ 1.

2.2 Translation invariance

Noting that (4) is “translation invariant”, we reduce the model to the local Hamiltonian

H1,z –

z
ÿ

i“1

ˆ

´J pa˚
0ai ` a˚

i a0q ` pJ ´ µq pN0 ` Niq `
U

2
pN0pN0 ´ 1q ` NipNi ´ 1qq

˙

(12)

acting on ℓ2pCqbpz`1q. As the graph is not embedded in a vector space, the translations we refer to
are formally maps of the form T : Vz Ñ Vz satisfying

@x P Vz, T pV x
z q “ V T pxq

z .

For instance, in the examples we provide in Remark 1, physical translations by a lattice vector are
translations in this sense.

The Hamiltonian (12) is symmetric with respect to the index i, i.e., with respect to its last z
variables. Hence, we consider the Hilbert space

F1,z – ℓ2pCq b ℓ2pCqb`z.

This is a Fock space sector with one distinguished lattice site, which we call the core, and z indistin-
guishable lattice sites, called the (neighbouring) shell.

Let γ P L1 pFVzq and W Ď Vz. We define the partial trace of γ over VzzW as the operator
TrVzzW pγq on L1

`

ℓ2pCqb|W |
˘

such that

@K P K
´

ℓ2pCqb|W |
¯

, Tr
`

TrVzzW pγqK
˘

– Tr pγKW q , (13)

with KW being the generalization of (3) acting on the coordinates in W in the order provided by the
ordered set pVz,ďq.
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In the following, we would like to specify the order of action on the coordinates of Vz such that
the first coordinate corresponds to core variables. We proceed by considering a list w –

`

w1:|W |

˘

such
that W “ twi, i P J1 : |W |Ku and generalize (13) through

@K P K
´

ℓ2pCqb|W |
¯

, Tr
`

TrVzzw pγqK
˘

– Tr pγKwq , (14)

where Kw acts on the coordinates in W in the order provided by the list w. When w1 ď w2 ď ¨ ¨ ¨ ď

w|W |, we recover

TrVzzw pγq “ TrVzzW pγq .

We then introduce the p1, zq-reduced density matrix

γp1,zq –
1

|Vz|

ÿ

xPVz

TrVzzpx,V x
z q pγq . (15)

Note that specifying an order on the shell V x
z is irrelevant due to the symmetry of H1,z. This is why,

in (15), we only specify that the core variable x corresponds to the first coordinate in γp1,zq. We then
have the following result.

Proposition 9 (Energy reduction via translation invariance). For HVz from (4) and H1,z from (12)
we have

inf
ψ1,zPF1,z

∥ψ1,z∥F1,z
“1

⟨ψ1,z, H1,zψ1,z⟩
2z

“ inf
ψ1,zPℓ2pCqbpz`1q

∥ψ1,z∥ℓ2“1

⟨ψ1,z, H1,zψ1,z⟩
2z

ď inf
ψPFVz

∥ψ∥FVz
“1

⟨ψ,HVzψ⟩
|Vz|

.

Proof. We find

ÿ

xPV

pH1,zqx,V x
z

“
ÿ

xPV

ÿ

yPV x
z

ˆ

´J
`

a˚
xay ` a˚

yax
˘

` pJ ´ µq pNx ` Nyq `
U

2
pNxpNx ´ 1q ` NypNy ´ 1qq

˙

“ 2zHVz .

Let ψ P FVz with ∥ψ∥FVz
“ 1. We then have

⟨ψ,HVzψ⟩
|Vz|

“
1

2z |Vz|

ÿ

xPV

〈
ψ, pH1,zqx,V x

z
ψ
〉

“
1

2z |Vz|

ÿ

xPV

Tr
`

TrV zpx,V x
z q p|ψ⟩ ⟨ψ|qH1,z

˘

“

Tr
´

|ψ⟩ ⟨ψ|
p1,zq H1,z

¯

2z
ě inf

ψ1,zPℓ2pCqbpz`1q

∥ψ1,z∥ℓ2“1

⟨ψ1,z, H1,zψ1,z⟩
2z

.

The first equality holds due to the symmetry of H1,z with respect to its last z variables.

Next, we estimate a useful combination of number operators. We introduce the following notation.

Definition 10 (Moments operators). We define

@A P L1
`

ℓ2pCq
˘

, As –
1

z

z
ÿ

i“1

Ai, @β P R`, Mβ –

z
ÿ

i“1

N β
0 ` N β

i

z
“ N β

0 ` pN βqs.

This defines operators on ℓ2pCq b ℓ2pCqb`z, and we also extend them, sector-wise, to the Fock space

ℓ2pCq b F`

`

ℓ2pCq
˘

»
à

zPN
ℓ2pCq b ℓ2pCqb`z.
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The Hamiltonian (12) can then be written as

H1,z

z
“ ´J pa˚

0as ` a˚
sa0q `

ˆ

J ´ µ´
U

2

˙

M1 `
U

2
M2. (16)

We note the following bound.

Proposition 11. Let 0 ď β1 ď β2. Then,

Mβ1 ď 2
1´

β1
β2 M

β1
β2
β2
. (17)

Proof. Let

@i P J1 : 2zK , Ai –

#

N β1
0 if i is odd,

N β1
i
2

if i is even.

By Hölder’s inequality,

Mβ1 “
1

z

z
ÿ

i“1

Ai ď
1

z
p2zq

1´
β1
β2

˜

2z
ÿ

i“1

A
β2
β1
i

¸

β1
β2

“ 2
1´

β1
β2

˜

z
ÿ

i“1

N β2
0 ` N β2

i

z

¸

β1
β2

“ 2
1´

β1
β2 M

β1
β2
β2
.

We can then prove an energy estimate for the moment M2. For x P R, we set x˘ – maxp0,˘xq.

Proposition 12 (M2 energy estimate). If U ą 0, then

2J´ ` µ`
U

2
ď 0 ùñ M2 ď

2

U

H1,z

z
,

2J´ ` µ`
U

2
ą 0 ùñ M2 ď

4

U

H1,z

z
` 2

ˆ

4J´ ` 2µ

U
` 1

˙2

.

Proof. Noticing that

0 ď
1

z

z
ÿ

i“1

pa˚
0 ˘ a˚

i qpa0 ˘ aiq “ M1 ˘ pa˚
0as ` a˚

sa0q ùñ ´ M1 ď a˚
0as ` a˚

sa0 ď M1,

ùñ |a˚
0as ` a˚

sa0| ď M1, (18)

and using (17) with β1 – 1, β2 – 2 together with (16), we estimate, for ϵ ą 0,

U

2
M2 “

H1,z

z
` J pa˚

0as ` a˚
sa0q ´

ˆ

J ´ µ´
U

2

˙

M1 ď
H1,z

z
`

ˆ

2J´ ` µ`
U

2

˙

M1

ď
H1,z

z
`

ˆ

2J´ ` µ`
U

2

˙

`

a

2M2 ď
H1,z

z
`

ˆ

2J´ ` µ`
U

2

˙

`

ˆ

1

2ϵ
` ϵM2

˙

.

If 2J´ ` µ` U
2 ď 0, one has

M2 ď
2

U

H1,z

z
.

Otherwise, choosing ϵ – U
4p2J´`µ`U

2 q
, we find

M2 ď
4

U

H1,z

z
` 2

ˆ

4J´ ` 2µ

U
` 1

˙2

.

9



Remark 13 (Domain of H1,z). If H is a separable Hilbert space and A P L pHq satisfies A ě 1H, then
the Sobolev space

´

L1,A pHq –

!

γ P L1pHq
ˇ

ˇ

?
Aγ

?
A P L1 pHq

)

, ∥‚∥L1,A –

∥∥∥?
A ‚

?
A
∥∥∥
L1

¯

is a Banach space whose topological pre-dual is
´?

AKpHq
?
A,

∥∥∥A´ 1
2 ‚A´ 1

2

∥∥∥
L8

¯

.

Using (18) and (17) for the Hamiltonian (16), we obtain

H1,z

z
ď

ˆ

|J | ` J ´ µ´
U

2

˙

M1 `
U

2
M2 ď

ˆ

2J` ´ µ´
U

2

˙

a

2M2 `
U

2
M2.

This shows that H1,z has domain L1,M2`1
`

ℓ2pCq b ℓ2pCqb`z
˘

. We denote

@β P R`, L1,β – L1,Mβ`1.

An important step toward the lower bound is the weak˚ lower semicontinuity of H1,z on its domain.

Proposition 14 (Weak˚ lower semicontinuity of H1,z). Let k P N˚ and

pγiqiPN Ď L1,2
`

´

ℓ2pCq b ℓ2pCqb`k
¯

such that

γi
˚

á
iÑ8

γ P L1,2
´

ℓ2pCq b ℓ2pCqb`k
¯

.

If U ě 0, then for all β P r0, 2r, we have strong convergence in L1,β
`

ℓ2pCq b ℓ2pCqb`k
˘

and

Tr pγH1,kq

k
ď lim inf

iÑ8

Tr pγiH1,kq

k
.

Proof. Let β P r0, 2r. Using (17),

pM2 ` 1q
´ 1

2 Mβ pM2 ` 1q
´ 1

2 ď 21´
β
2M

β
2
2 pM2 ` 1q

´1

ď 21´
β
2 pM2 ` 1q

´
2´β
2 P K

´

ℓ2pCq b ℓ2pCqb`k
¯

,

hence Mβ P
?
M2 ` 1K

`

ℓ2pCq b ℓ2pCqb`k
˘ ?

M2 ` 1, and we can pass to the limit in

Tr pγiMβq Ñ
iÑ8

Tr pγMβq . (19)

The case β “ 0 yields Tr pγiq Ñ
iÑ8

Tr pγq, and since γ ě 0 (non-negativity passes to the limit), we also

have

∥γi∥L1,β “ Tr pγi pMβ ` 1qq Ñ
iÑ8

Tr pγ pMβ ` 1qq “ ∥γ∥L1,β ,

hence the strong convergence (see [27] for a reference). Similarly,

pM2 ` 1q
´ 1

2 |a˚
0as ` a˚

sa0| pM2 ` 1q
´ 1

2 ď pM2 ` 1q
´ 1

2 M1 pM2 ` 1q
´ 1

2 P K
´

ℓ2pCq b ℓ2pCqb`k
¯

,

therefore

Tr pγi pa˚
0as ` a˚

sa0qq Ñ
iÑ8

Tr pγ pa˚
0as ` a˚

sa0qq . (20)

Moreover,

Tr pγM2q “ Tr
´

pM2 ` 1q
1
2 γ pM2 ` 1q

1
2

¯

´ Tr pγq “ ∥γ∥L1,2 ´ Tr pγq ď lim inf
iÑ8

∥γi∥L1,2 ´ Tr pγq

“ lim inf
iÑ8

p∥γi∥L1,2 ´ Tr pγiqq “ lim inf
iÑ8

Tr pγiM2q . (21)

We conclude by combining (20), (19) with β “ 1, and (21) in (16), using that U ě 0.
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2.3 Lower energy bound

We are now ready to turn to the proof of the main result.

Proof of Theorem 2. With Proposition 8 in mind we only need to gather the elements for the proof
of the lower bound.

Let pψ1,zqzPN be a minimizing sequence of

lim
zÑ8

inf
ψ1,zPF1,z

∥ψ1,z∥F1,z
“1

⟨ψ1,z, H1,zψ1,z⟩
2z

.

Taking the vacuum as a trail state, one sees that the energy is negative. Denote γ1,z – |ψ1,z⟩ ⟨ψ1,z|,
then Proposition 12, with J ě 0, implies that

Tr pγ1,zM2q ď 2

ˆ

2µ

U
` 1

˙2

. (22)

Recalling Definition 10, we find

@k P J0 : zK , Tr pγ1,zM2q “ Tr
´

γ
p1,1q

1,z

`

N 2
0 ` N 2

1

˘

¯

“ Tr
´

γ
p1,1q

1,z M2

¯

“ Tr
´

γ
p1,kq

1,z M2

¯

,

so γ
p1,kq

1,z is uniformly bounded in z inside L1,2
`

ℓ2pCq b ℓ2pCqb`k
˘

, as defined in Remark 13. After a
diagonal extraction, we get

@k P N, γp1,kq

1,z
˚

á
zÑ8

γp1,kq P L1,2
`

´

ℓ2pCq b ℓ2pCqb`k
¯

.

The limit stays consistent in k. With Proposition 14, the mass is preserved in the limit so
`

γp1,kq
˘

kPN
is a p1,8q-bosonic state (see Definition 6). By setting Pm – 1Nďm for m P N, we verify the last
assumption of Theorem 7. We find

0 ď 1 ´ Tr
´

γp0,1qPm

¯

“ Tr
´

γp0,1q1Nąm

¯

ď
Tr

`

γp0,1qN 2
˘

pm` 1q2
ď

Tr pγ1,zM2q

pm` 1q2
Ñ

mÑ8
0

due to (22), which grants us the existence of

• a probability measure P P M
`

Sℓ2pCq,R`

˘

,

• a function ζ P L1
`

Sℓ2pCq,L1
`pℓ2pCqq

˘

satisfying, P-a.e., Tr pζq “ 1,

such that

@k P N˚, γp1,kq “

ż

Sℓ2pCq

ζpuq b pbk
u dPpuq. (23)

Let k P N˚, then as a consequence of Proposition 14,

lim inf
zÑ8

Tr pγ1,zH1,zq

z
“ lim inf

zÑ8

Tr
´

γ
p1,kq

1,z H1,k

¯

k
ě

Tr
`

γp1,kqH1,k

˘

k
“

ż

Sℓ2pCq

Tr
`

ζpuq b pbk
u H1,k

˘

k
dPpuq.

(24)

With a final computation involving (12),

Tr
`

ζpuq b pbk
u H1,k

˘

k
“ ´ J pTr pζpuqa˚qTr ppuaq ` Tr pζpuqaqTr ppua

˚qq

`

ˆ

J ´ µ´
U

2

˙

pTr pζpuqN q ` Tr ppuN qq `
U

2

`

Tr
`

ζpuqN 2
˘

` Tr
`

puN 2
˘˘

.

11



Let αζ – Tr pζaq, then
ˇ

ˇ

ˇ
αζpuqαu ` αuαζpuq

ˇ

ˇ

ˇ
ď |αζpuq|

2
` |αu|

2 ,

so recalling (7) and using J ě 0 we find

Tr
`

ζpuq b pbk
u H1,k

˘

k
ě 2 inf

φPℓ2pCq

∥φ∥ℓ2“1

⟨φ, hφφ⟩ . (25)

Using Proposition 9 and then (24) and (25), we obtain the lower energy bound

lim inf
zÑ8

inf
ψPF

∥ψ∥F“1

⟨ψ,HVzψ⟩
|Vz|

ě lim inf
zÑ8

inf
ψPF1,z

∥ψ∥F1,z
“1

⟨ψ,H1,zψ⟩
2z

“ lim inf
zÑ8

Tr pγ1,zH1,zq

2z

ě

ż

Sℓ2pCq

Tr
`

ζpuq b pbk
u H1,k

˘

2k
dPpuq ě

ż

Sℓ2pCq

inf
φPℓ2pCq

∥φ∥ℓ2“1

⟨φ, hφφ⟩ dPpuq

ě inf
φPℓ2pCq

∥φ∥ℓ2“1

⟨φ, hφφ⟩ .

3 Polaron-type quantum de Finetti theorems

3.1 Finite dimensional approximation

Following the previous subsection, we develop a de Finetti theorem for a system with one distinct core
particle and a symmetric shell of N P N particles. We start by assuming that the shell Hilbert space
has finite dimension, namely Cm`1 with m P N. Let H0 be a separable Hilbert space representing the
core particle. This setting is similar to the one of the polaron model where one has an impurity in a
bath of indistinguishable particles. This is why we expect that our methods might be applicable to
proving mean-field limits for such models as well.

We define the symmetric projection

Π`
N –

˜

1

N !

ÿ

σPSN

Uσ

¸

:
`

Cm`1
˘bN

Ñ
`

Cm`1
˘b`N ,

where SN is the permutation group on N elements and Uσ is the unitary defined by

@ψ P
`

Cm`1
˘bN

, x1:N P
`

Cm`1
˘N

, Uσψpx1:N q – ψ
`

xσp1q, . . . , xσpNq

˘

.

Denote by Sm Ď Cm`1 the complex m-sphere, with hm being the normalized Haar measure on
Sm. We recall the Schur formula:

Π`
N “

ˆ

N `m
m

˙
ż

Sm

pbN
u dhmpuq, (26)

where pu is the orthogonal projection onto u P Cm`1. This is a consequence of Schur’s lemma applied
to the following irreducible representation:

Um`1pCq Ñ End
`

pCm`1qb`N
˘

U ÞÑ UbN .

Our first result is the following.
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Theorem 15 (Polaron quantum de Finetti for finite N). Let γ1,N P L
´

H0 b
`

Cm`1
˘b`N

¯

be a

p1, Nq-bosonic state (see Definition 5). Then

η1,N –

ˆ

N `m
m

˙
ż

Sm

`

1H0 b pbN
u γ1,N

˘p1,0q
b pbN

u dhmpuq P L1
`

´

H0 b
`

Cm`1
˘b`N

¯

(27)

satisfies Tr pη1,N q “ 1 and ∥∥∥γp1,kq

1,N ´ η
p1,kq

1,N

∥∥∥
L1

ď
4mk

N ` 1
. (28)

Proof. First, η1,N is positive as a sum of positive operators. Then, using (26),

Tr pη1,N q “

ˆ

N `m
m

˙
ż

Sm

Tr
`

1H0 b pbN
u γ1,N

˘

dhmpuq “ Tr
`

1H0 b Π`
N γ1,N

˘

“ Tr pγ1,N q “ 1. (29)

With the notation 1 – 1Cm`1 , we start by expressing γ
p1,kq

1,N using (26):

γ
p1,kq

1,N “

´

1H0 b 1bk b Π`
N´k γ1,N

¯p1,kq

“

ˆ

N ´ k `m
m

˙
ż

Sm

´

1H0 b 1bk b pbpN´kq
u γ1,N

¯p1,kq

loooooooooooooooooooomoooooooooooooooooooon

—γkpuqPL1
`pH0bpCm`1q

b`kq

dhmpuq.

(30)

We claim that

1H0 b pbk
u γkpuq 1H0 b pbk

u “ γ0puq b pbk
u . (31)

Indeed, if A P KpH0q and B P K
´

`

Cm`1
˘bk

¯

,

Tr
´

AbB 1H0 b pbk
u γkpuq 1H0 b pbk

u

¯

“ Tr
´

Ab pbk
u Bpbk

u γkpuq

¯

“ Tr
´

Ab pbk
u γkpuq

¯

Tr
´

pbk
u B

¯

“ Tr
`

Ab pbN
u γ1,N

˘

Tr
´

pbk
u B

¯

“ Tr pAγ0puqqTr
´

pbk
u B

¯

“ Tr
´

AbB γ0puq b pbk
u

¯

.

Inserting (31) into (27),

η
p1,kq

1,N “

ˆ

N `m
m

˙
ż

Sm

γ0puq b pbk
u dhmpuq “

ˆ

N `m
m

˙
ż

Sm

1H0 b pbk
u γkpuq 1H0 b pbk

u dhmpuq

“

ˆ

N ´ k `m
m

˙
ż

Sm

1H0 b pbk
u γkpuq 1H0 b pbk

u dhmpuq `

¨

˚

˚

˝

1 ´

ˆ

N ´ k `m
m

˙

ˆ

N `m
m

˙

˛

‹

‹

‚

η
p1,kq

1,N . (32)

Moreover, using (26),

ˆ

N `m
m

˙
ż

Sm

1H0 b pbk
u γkpuqdhmpuq “

ˆ

N `m
m

˙
ż

Sm

`

1H0 b pbN
u γ1,N

˘p1,kq
dhmpuq “ γ

p1,kq

1,N . (33)

13



As γkpuq ě 0,∥∥∥∥∥∥
ż

Sm

1H0 b p1 ´ pbk
u q γkpuq 1H0 b p1 ´ pbk

u qdhmpuq

∥∥∥∥∥∥
L1

“ Tr

¨

˝

ż

Sm

1H0 b p1 ´ pbk
u q γkpuq 1H0 b p1 ´ pbk

u qdhmpuq

˛

‚

“ Tr

¨

˝

ż

Sm

1H0 b p1 ´ pbk
u q γkpuqdhmpuq

˛

‚ď

∥∥∥∥∥∥
ż

Sm

1H0 b p1 ´ pbk
u q γkpuqdhmpuq

∥∥∥∥∥∥
L1

.

Hence, combining

γkpuq ´ 1H0 b pbk
u γkpuq 1H0 b pbk

u

“ 1H0 b p1 ´ pbk
u q γkpuq ` γkpuq 1H0 b p1 ´ pbk

u q ´ 1H0 b p1 ´ pbk
u q γkpuq 1H0 b p1 ´ pbk

u q,

with (30) and (33), we obtain∥∥∥∥∥∥
ż

Sm

´

γkpuq ´ 1H0 b pbk
u γkpuq 1H0 b pbk

u

¯

dhmpuq

∥∥∥∥∥∥
L1

ď 3

∥∥∥∥∥∥
ż

Sm

1H0 b p1 ´ pbk
u q γkpuqdhmpuq

∥∥∥∥∥∥
L1

“ 3

∥∥∥∥∥
˜

ˆ

N ´ k `m
m

˙´1

´

ˆ

N `m
m

˙´1
¸

γ
p1,kq

1,N

∥∥∥∥∥
L1

“ 3

˜

ˆ

N ´ k `m
m

˙´1

´

ˆ

N `m
m

˙´1
¸

. (34)

With (30) and (32),

γ
p1,kq

1,N ´ η
p1,kq

1,N “

ˆ

N ´ k `m
m

˙
ż

Sm

´

γkpuq ´ 1H0 b pbk
u γkpuq 1H0 b pbk

u

¯

dhmpuq

`

¨

˚

˚

˝

1 ´

ˆ

N ´ k `m
m

˙

ˆ

N `m
m

˙

˛

‹

‹

‚

η
p1,kq

1,N .

Then, inserting (34) and (29) along with

1 ě

ˆ

N ´ k `m
m

˙

ˆ

N `m
m

˙ “
pN ´ k `mq!N !

pN ´ kq!pN `mq!
“

m
ź

i“1

N ´ k ` i

N ` i
ě

ˆ

N ´ k ` 1

N ` 1

˙m

“

ˆ

1 ´
k

N ` 1

˙m

ě 1 ´
mk

N ` 1
,

we get

∥∥∥γp1,kq

1,N ´ η
p1,kq

1,N

∥∥∥
L1

ď 4

¨

˚

˚

˝

1 ´

ˆ

N ´ k `m
m

˙

ˆ

N `m
m

˙

˛

‹

‹

‚

ď 4
mk

N ` 1
. (35)
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Remark 16. Some comments:

• Our intuition is that (31) is the main novelty compared to the usual de Finetti argument. A
priori, we only expect factorization to occur between the many symmetric variables, and not
between the impurity and the rest. However, since we are able to project the symmetric part onto
a rank-one projection pbk

u , the resulting p1, kq-variable operators exhibit a full factorization.

• De Finetti theorems have already been used for multi-species systems [20], with a large number
of symmetric particles in each species. Our De Finetti theorem can also be generalized to this
setting: one impurity and multiple species with a large number of particles in each species.

We now consider the limit N Ñ 8 while keeping the dimension m` 1 of the Hilbert space of the
symmetric particles fixed. Note the following.

Definition 17 (S1-invariance). Let ζ be a trace-class valued functions and P a probability measure on
a Hilbert space. pζ,Pq is said to be S1 invariant if

@θ P R, eiθ˚ P “ P and P-a.e., ζ “ ζ ˝ eiθ,

where the phase eiθ is set to act multiplicatively on every complex coordinates of the Hilbert space.

We denote by M the set of Radon measures and C0 spaces of continuous functions.

Theorem 18 (Polaron quantum de Finetti for N “ 8). Let γm P L
`

H0 b F`

`

Cm`1
˘˘

be a p1,8q-
bosonic state. Then there exist a unique S1-invariant

• probability measure Pm P M pSm,R`q,

• function ζm P L1
`

Sm,L1
`pH0q

˘

satisfying, Pm-a.e., Tr pζmq “ 1,

such that

@k P N, γp1,kq
m “

ż

Sm

ζmpuq b pbk
u dPmpuq. (36)

Moreover, up to a subsequence, we have the following approximation:

ˆ

N `m
m

˙

´

1H0 b pbN
‚ γp1,Nq

m

¯p1,0q

hm
˚

á
NÑ8

ζmPm as trace-class valued Radon measures. (37)

Proof. Let N P N, we define

ζN,m :
Sm Ñ L1

` pH0q

u ÞÑ

ˆ

N `m
m

˙

´

1H0 b pbN
u γ

p1,Nq
m

¯p1,0q (38)

and observe that, using (26),

∥ζN,m∥L1 “

ż

Sm

∥ζN,mpuq∥L1 dhmpuq “

ˆ

N `m
m

˙
ż

Sm

Tr
´

1H0 b pbN
u γp1,Nq

m

¯

dhmpuq

“ Tr
´

1H0 b Π`
N γp1,Nq

m

¯

“ Tr
´

γp1,Nq
m

¯

“ 1.

Thus

pζN,mhmqN Ď M
`

Sm,L1pH0q
˘

“ C0 pSm,KpH0qq
˚

15



is a bounded sequence of trace-class-valued Radon measures. By the Banach–Alaoglu theorem, up to
a subsequence,

ζN,mhm
˚

á
NÑ8

Zm P M
`

Sm,L1
`pH0q

˘

. (39)

Moreover,

Pm – ∥Zm∥L1 “ Tr pZmq P M pSm,R`q (40)

has bounded total variation since

Tr pZmpSmqq ď lim inf
NÑ8

∥ζN,m∥L1 “ 1.

As Zm ! Pm, by the Radon–Nikodym theorem,

Dζm P L1
`

Sm,L1
`pH0q

˘

such that Zm “ ζmPm,

and (39) implies (37). Taking the trace, it follows from (40) that

Pm “ Tr pζmqPm,

meaning that Pm-a.e., Tr pζmq “ 1. Then (39) has the following meaning:

@φ P C0 pSm,KpH0qq ,

ż

Sm

Tr pζN,mpuqφpuqq dhmpuq Ñ
NÑ8

ż

Sm

Tr pζmpuqφpuqq dPmpuq. (41)

With the same notation as in Theorem 15 applied to γ
p1,Nq
m , we define

η1,N –

ż

Sm

ζN,mpuq b pbN
u dhmpuq.

Let k P N and K P K
´

H0 b
`

Cm`1
˘b`k

¯

. Considering the test function

u ÞÑ

´

1H0 b pbk
u K

¯p1,0q

P C0 pSm,KpH0qq ,

in (41), we obtain

Tr
´

η
p1,kq

1,N K
¯

“

ż

Sm

Tr
´

ζN,mpuq b pbk
u K

¯

dhmpuq “

ż

Sm

Tr

ˆ

ζN,mpuq

´

1H0 b pbk
u K

¯p1,0q
˙

dhmpuq

Ñ
NÑ8

ż

Sm

Tr

ˆ

ζmpuq

´

1H0 b pbk
u K

¯p1,0q
˙

dPmpuq “

ż

Sm

Tr
´

ζmpuq b pbk
u K

¯

dPmpuq

“ Tr

¨

˝

¨

˝

ż

Sm

ζmpuq b pbk
u dPmpuq

˛

‚K

˛

‚.

Hence,

η
p1,kq

1,N
˚

á
NÑ8

ż

Sm

ζmpuq b pbk
u dPmpuq.

Using (28), and observing that∥∥∥ηp1,kq

1,N ´ γp1,kq
m

∥∥∥
L1

“

∥∥∥∥ηp1,kq

1,N ´

´

γp1,Nq
m

¯p1,kq
∥∥∥∥
L1

Ñ
NÑ8

0,
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we conclude that

γp1,kq
m “

ż

Sm

ζmpuq b pbk
u dPmpuq.

Finally, taking the trace,

1 “ Tr
´

γp1,kq
m

¯

“

ż

Sm

Tr pζmpuqqTr ppuq
k dPmpuq “

ż

Sm

dPmpuq “ PmpSmq,

so Pm is a probability measure.
S1-Invariance. From (37) we infer that ζmPm is S1-invariant as a trace-class-valued measure,

being the limit of such measures. Taking the trace, this implies that pζm,Pmq is S1-invariant in the
sense of Definition 17.

Tracing out the first variable in (36), we reduce the situation to the known case where Pm is the
unique S1-invariant probability measure on Sm satisfying (36). Then, if there exists another candidate
rζm P L1

`

Sm,L1
`pH0q

˘

, we find that

@k P N,
ż

Sm

´

ζmpuq ´ rζmpuq

¯

b pbk
u dPmpuq “ 0.

Using the standard arguments for the uniqueness of Pm, i.e., testing the above against 1H0 b
Âk

i“1Ai
for A1:k P L

`

Cm`1
˘

self-adjoint and k P N, we find, by density (Stone–Weierstrass theorem) of the
algebra generated by functions of the form

u ÞÑ

k
ź

i“1

⟨u,Aiu⟩ P C0
`

Sm
{S1 ,R

˘

,

that @f P C0
`

Sm
{S1 ,R

˘

,
ż

Sm

´

ζmpuq ´ rζmpuq

¯

fpuq dPmpuq “ 0.

This implies that
´

ζm ´ rζm

¯

Pm “ 0

as a trace-class-valued measure, meaning that Pm-a.e., ζm “ rζm.

3.2 Fock space localization

In order to deal with the finite-dimensional approximation in (18), and replace Cm`1 by a separable
Hilbert space Hs, we use the Fock space localization method, see [18].

Proposition 19 (Fock space localization). Let γ1,N P L
´

H0 b pHsq
b`N

¯

be a p1, Nq-bosonic state,

P be an orthonormal projection on Hs, and Q – 1Hs ´ P . The trace-class valued measure

MN,k –

N
ÿ

n“k

ˆ

N
n

˙

´

1H0 b Pbn bQbpN´nq γ1,N 1H0 b Pbn bQbpN´nq
¯p1,kq

δ n
N

satisfies

@k P N,

∥∥∥∥∥∥1H0 b Pbk γ
p1,kq

1,N 1H0 b Pbk ´

1
ż

0

λk dMN,kpλq

∥∥∥∥∥∥
L1

ď
kpk ´ 1q

N
. (42)
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Proof. Using the symmetry of γ1,N with respect to its last N variables, we may apply the commutative
binomial formula and observe that, for k P J0, NK,

γ
p1,kq

1,N “

´

1H0 b 1bk
Hs

b pP `QqbpN´kq γ1,N

¯p1,kq

“

N´k
ÿ

n“0

ˆ

N ´ k
n

˙

´

1H0 b 1bk
Hs

b Pbn bQbpN´k´nq γ1,N

¯p1,kq

“

N
ÿ

n“k

ˆ

N ´ k
n´ k

˙

´

1H0 b 1bk
Hs

b Pbpn´kq bQbpN´nq γ1,N

¯p1,kq

.

Therefore,

1H0 b Pbk γ
p1,kq

1,N 1H0 b Pbk

“

N
ÿ

n“k

ˆ

N ´ k
n´ k

˙

´

1H0 b Pbn bQbpN´nq γ1,N 1H0 b Pbn bQbpN´nq
¯p1,kq

. (43)

Combining (43) with the definition of MN,k yields∥∥∥∥∥∥1H0 b Pbk γ
p1,kq

1,N 1H0 b Pbk ´

1
ż

0

λk dMN,kpλq

∥∥∥∥∥∥
L1

ď

N
ÿ

n“k

ˇ

ˇ

ˇ

ˇ

ˆ

N ´ k
n´ k

˙

´

ˆ

N
n

˙

´ n

N

¯k
ˇ

ˇ

ˇ

ˇ

Tr
´

1H0 b Pbn bQbpN´nq γ1,N

¯

. (44)

Assume that k ě 1 and let n P Jk,NK. We estimate

ˆ

N
n

˙´1 ˆ

N ´ k
n´ k

˙

“
n!pN ´ kq!

N !pn´ kq!
“

k´1
ź

j“0

n´ j

N ´ j
ě

ˆ

n´ pk ´ 1q

N

˙k

“

´ n

N

¯k
ˆ

1 ´
k ´ 1

n

˙k

ě

´ n

N

¯k
ˆ

1 ´
kpk ´ 1q

n

˙

.

Hence,

0 ď

´ n

N

¯k
´

ˆ

N
n

˙´1 ˆ

N ´ k
n´ k

˙

ď

´ n

N

¯k kpk ´ 1q

n
ď
kpk ´ 1q

N
.

If k “ 0, the right-hand side in (44) vanishes. Otherwise, it is bounded by∥∥∥∥∥∥1H0 b Pbk γ
p1,kq

1,N 1H0 b Pbk ´

1
ż

0

λk dMN,kpλq

∥∥∥∥∥∥
L1

ď
kpk ´ 1q

N

N
ÿ

n“k

ˆ

N
n

˙

Tr
´

1H0 b Pbn bQbpN´nq γ1,N

¯

ď
kpk ´ 1q

N
.

We are now ready to prove Theorem 7. Let us denote by SHs the sphere in Hs. The core idea
is that Pm acts on the symmetric variables, thereby reducing the statement to the finite-dimensional
case.
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Proof of Theorem 7. Let N,m P N, k P J0, NK, and with the usual notation,

Qm – 1Hs ´ Pm.

In view of applying Proposition 19 to γp1,Nq, we define

MN,k,m –

N
ÿ

n“k

ˆ

N
n

˙

´

1H0 b Pbn
m bQbpN´nq

m γp1,Nq 1H0 b Pbn
m bQbpN´nq

m

¯p1,kq

loooooooooooooooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooooooooooooooon

–ηN,kPL1
`pH0bpPmHsq

b`kq

δ n
N
. (45)

‚ Taking N Ñ 8:

pMN,k,mqNPN is bounded in M
`

r0, 1s ,L1
`

`

H0 b pPmHsq
b`k

˘˘

:

Tr pMN,k,mpr0, 1sqq “

N
ÿ

n“k

Tr pηN,kq “

N
ÿ

n“k

ˆ

N
n

˙

Tr
´

1H0 b Pbn bQbpN´nq γp1,Nq
¯

ď

N
ÿ

n“0

ˆ

N
n

˙

Tr
´

1H0 b Pbn bQbpN´nq γp1,Nq
¯

“ Tr
´

γp1,Nq
¯

“ 1. (46)

Hence, after extraction,

MN,k,m
˚

á
NÑ8

Mk,m P M
´

r0, 1s ,L1
`

´

H0 b pPmHsq
b`k

¯¯

. (47)

Let K P K
`

H0 b pPmHsq
b`k

˘

. Then λ ÞÑ λkK P C0
`

r0, 1s ,K
`

H0 b pPmHsq
b`k

˘˘

, and thus

Tr

¨

˝K

1
ż

0

λkdMN,k,mpλq

˛

‚ Ñ
NÑ8

Tr

¨

˝K

1
ż

0

λkdMk,mpλq

˛

‚.

It follows that

1
ż

0

λkdMN,k,mpλq
˚

á
NÑ8

1
ż

0

λkdMk,mpλq P L1
´

H0 b pPmHsq
b`k

¯

.

Together with (42), we obtain

1H0 b Pbk
m γp1,kq 1H0 b Pbk

m “

1
ż

0

λkdMk,mpλq, (48)

since
`

γp1,Nq
˘p1,kq

“ γp1,kq is now independent of N .

‚ Consistency of Mk,m:

We can canonically extend Definitions 5 and 6 to trace-class valued measures. Since PmHs is
finite-dimensional, we can trace out one coordinate in (47) to obtain

M
p1,kq

N,k`1,m
˚

á
NÑ8

M
p1,kq

k`1,m. (49)

Following from (45),

M
p1,kq

N,k`1,m “ MN,k,m ´ ηN,kδ k
N
. (50)
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The estimate (46) implies that ∥ηN,k∥L1 “ Tr pηN,kq ď 1, so we can extract a limit

ηN,k
˚

á
NÑ8

ηk P L1
`

´

H0 b pPmHsq
b`k

¯

.

Let φ P C0
`

r0, 1s ,K
`

H0 b pPmHsq
b`k

˘˘

. Then

1
ż

0

Tr pηN,kφpλqq dδ k
N

“ Tr

ˆ

ηN,kφ

ˆ

k

N

˙˙

“ Tr pηN,kφp0qq ` Tr

ˆ

ηN,k

ˆ

φ

ˆ

k

N

˙

´ φp0q

˙˙

Ñ
NÑ8

Tr pηkφp0qq ,

since φp0q is compact and
∥∥φ `

k
N

˘

´ φp0q
∥∥
L8 Ñ

NÑ8
0 by continuity of φ. We deduce that

ηN,kδ k
N

˚
á

NÑ8
ηkδ0 P M

´

r0, 1s ,L1
`

´

H0 b pPmHsq
b`k

¯¯

.

Together with (47) and (49), taking N Ñ 8 in (50) yields

M
p1,kq

k`1,m “ Mk,m ´ ηkδ0. (51)

Keeping in mind that Mk,m will be integrated against λk (see (48)), we do not care about the mass
at 0. Hence, let

@B P Bpr0, 1sq, ĂMk,mpBq “ Mk,m pBz t0uq `M0,m pB X t0uq b

ˆ

1Cm`1

m` 1

˙bk

,

so that ĂM0,m “ M0,m and, with (51) and then (46),

Tr
´

ĂMk,mr0, 1s

¯

“ Tr pMk,m pp0, 1sqq ` Tr pM0,m pt0uqq “ Tr pM0,m pp0, 1sqq ` Tr pM0,m pt0uqq

“ Tr pM0,m pr0, 1sqq ď lim inf
NÑ8

Tr pMN,k,mpr0, 1sqq ď 1, (52)

and pĂMk,mqkPN is consistent in k:

ĂM
p1,kq

k`1,m “ ĂMk,m. (53)

‚ Applying Theorem 18 to Mk,m:

By the Radon–Nikodym theorem, there exists γk,m P L1
`

r0, 1s,L1
`

`

H0 b pPmHsq
b`k

˘˘

such that

ĂMk,m “ γk,mTr
´

ĂMk,m

¯

“ γk,mTr
´

ĂM0,m

¯

, (54)

with Tr
´

ĂMk,m

¯

-a.e. Tr pγk,mq “ 1. Note that the consistency equation (53) implies that Tr
´

ĂMk,m

¯

is independent of k. Hence,

γ
p1,kq

k`1,mTr
´

ĂM0,m

¯

“ γk,mTr
´

ĂM0,m

¯

,

and pγk,mqkPN is consistent Tr
´

ĂM0,m

¯

-a.e. Then, for Tr
´

ĂM0,m

¯

-a.e. λ P r0, 1s, we can apply Theo-

rem 18 to pγk,mpλqqkPN: there exist

• a probability measure Pλ,m P M pSm,R`q,

• a function ζmpλ, ‚q P L1
`

Sm,L1
`pH0q

˘

satisfying, Pλ,m-a.e., Tr pζmpλ, ‚qq “ 1,
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such that

@k P N, γk,mpλq “

ż

Sm

ζmpλ, uq b pbk
u dPλ,mpuq. (55)

Here Sm stands for the m-dimensional sphere in PmHs. From (48), (54) and then (55), we infer that

1H0 b Pbk
m γp1,kq 1H0 b Pbk

m “

1
ż

0

λkdMk,mpλq “

1
ż

0

λkdĂMk,mpλq “

1
ż

0

λkγk,mpλqdTr
´

ĂM0,m

¯

pλq

“

1
ż

0

λk

¨

˝

ż

Sm

ζmpλ, uq b pbk
u dPλ,mpuq

˛

‚dTr
´

ĂM0,m

¯

pλq. (56)

‚ Construction of a measure on r0, 1s ˆ Sm:

We observe that, by testing (56) against 1H0 b
Âk

i“1Ai for A1:k P L
`

Cm`1
˘

self-adjoint and k P N,
we find, by density (Stone–Weierstrass theorem) of the algebra generated by functions of the form

λ, u ÞÑ λk
k

ź

i“1

⟨u,Aiu⟩ P C0
`

r0, 1s ˆ Sm
{S1 ,R

˘

,

that we can define Pm – P‚,m bTr
´

ĂM0,m

¯

as a measure on r0, 1s ˆSm, which is uniquely determined

on measurable rectangles by

@A P Bpr0, 1sq, B P BpSmq, PmpAˆBq –

ż

r0,1s

Pλ,mpBq dTr
´

ĂM0,m

¯

pλq.

This measure is finite, due to (52):

Pmpr0, 1s ˆ Smq “

ż

r0,1s

dTr
´

ĂM0,m

¯

pλq “ Tr
´

ĂM0,mpr0, 1sq

¯

ď 1. (57)

We can extend Pm by 0 to a measure on r0, 1s ˆ SHs since Sm Ď PmHs. In particular,

1H0 b Pbk
m γp1,kq 1H0 b Pbk

m “

ĳ

r0,1sˆSHs

λkζmpλ, uq b pbk
u dPmpλ, uq, (58)

with Pm-a.e., Tr pζmq “ 1. As a consequence of the above density argument and the S1-invariance of
Theorem 18, ζmPm is the unique S1-invariant trace-class-valued measure satisfying (58).

‚ Taking m Ñ 8:

It follows from this uniqueness property that pζmPmqmPN is consistent in the following sense

@m P N, ζmPm “ Pm˚ pζm`1Pm`1q

and a bounded sequence in M
`

r0, 1s ˆ SHs ,L1 pH0q
˘

. Here the Kolmogorov extension theorem holds.
For this we refer to [6, Chapters V.1 and V.2], key ingredients are the Radon–Nikodym property of
the trace-class and Pm-a.e., Tr pζmq “ 1. Therefore the Kolmogorov extension theorem constructs a
trace-class valued measure ζP, with

• P P M pr0, 1s ˆ SHs ,R`q, satisfying P pr0, 1s ˆ SHsq ď 1,
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• ζ P L1
`

r0, 1s ˆ SHs ,L1
`pH0q

˘

satisfying, P-a.e., Tr pζq “ 1, whose existence is guaranteed by the
Radon–Nikodym theorem,

such that

@m P N, ζmPm “ Pm˚ pζPq .

Let K P K
´

H0 b Hb`k
s

¯

. Since

φ : pλ, uq ÞÑ λk
´

1H0 b pbk
u K

¯p1,0q

P C0 pr0, 1s ˆ SHs ,K pH0qq ,

we obtain
ĳ

r0,1sˆSHs

λkTr
´

ζmpλ, uq b pbk
u K

¯

dPmpλ, uq “

ĳ

r0,1sˆSHs

Tr pζmpλ, uqφpλ, uqq dPmpλ, uq

Ñ
mÑ8

ĳ

r0,1sˆSHs

Tr pζpλ, uqφpλ, uqq dPpλ, uq

“

ĳ

r0,1sˆSHs

λkTr
´

ζpλ, uq b pbk
u K

¯

dPpλ, uq,

from which we deduce that
ĳ

r0,1sˆSHs

λkζmpλ, uq b pbk
u dPmpλ, uq

˚
á

mÑ8

ĳ

r0,1sˆSHs

λkζpλ, uq b pbk
u dPpλ, uq. (59)

‚ Estimating the tail of 1H0 b Pbk
m γp1,kq 1H0 b Pbk

m :

By induction,

1bk
Hs

´ Pbk
m “

k
ÿ

n“1

Pbpn´1q
m bQm b 1

bpk´nq

Hs
.

Indeed, the case k “ 1 corresponds to the definition of Qm, and assuming the above identity, we obtain

1
bpk`1q

Hs
´ Pbpk`1q

m “ Pm b

´

1bk
Hs

´ Pbk
m

¯

`Qm b 1bk
Hs

“

k
ÿ

n“1

Pbn
m bQm b 1

bpk´nq

Hs
`Qm b 1bk

Hs
“

k
ÿ

n“0

Pbn
m bQm b 1

bpk´nq

Hs

“

k`1
ÿ

n“1

Pbpn´1q
m bQm b 1

bpk`1´nq

Hs
.

Consequently,

∥∥∥1H0 b p1bk
Hs

´ Pbk
m q γp1,kq

∥∥∥
L1

ď

k
ÿ

n“1

∥∥∥1H0 b Pbpn´1q
m bQm b 1

bpk´nq

Hs
γp1,kq

∥∥∥
L1

ď

k
ÿ

n“1

Tr
´

1H0 b 1
bpn´1q

Hs
bQm b 1

bpk´nq

Hs
γ1,k

¯
1
2
Tr

´

1H0 b Pbpn´1q
m b 1

bpk`1´nq

Hs
γ1,k

¯
1
2

ď

k
ÿ

n“1

Tr
´

1H0 b 1
bpn´1q

Hs
bQm b 1

bpk´nq

Hs
γ1,k

¯
1
2

“ kTr
´

Qmγ
p0,1q

¯
1
2

Ñ
mÑ8

0.
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Developing the square, it follows from the Cauchy–Schwarz inequality that∥∥∥γp1,kq ´ 1H0 b Pbk
m γp1,kq 1H0 b Pbk

m

∥∥∥
L1

ď

∥∥∥1H0 b p1bk
Hs

´ Pbk
m q γp1,kq 1H0 b p1bk

Hs
´ Pbk

m q

∥∥∥
L1

` 2
∥∥∥1H0 b p1bk

Hs
´ Pbk

m q γp1,kq 1H0 b Pbk
m

∥∥∥
L1

Ñ
mÑ8

0.

‚ Conclusion:

Combining the above with (58) and (59), we obtain

γp1,kq “

ĳ

r0,1sˆSHs

λkζpλ, uq b pbk
u dPpλ, uq.

Taking the trace yields

1 “ Tr
´

γp1,kq
¯

“

ĳ

r0,1sˆSHs

λkdPpλ, uq.

Since with (57),

P pr0, 1s ˆ SHsq “ ∥ζP∥M ď lim inf
mÑ8

∥ζmPm∥M “ lim inf
mÑ8

Pmpr0, 1s ˆ Smq ď 1,

we infer that P must be a probability measure supported on t1u ˆ SHs , and the pair

Ppt1u ˆ ‚q, ζp1, ‚q

is suitable to conclude, as Ppt1u ˆ ‚q-a.e. Tr pζp1, ‚qq “ 1.
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