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Abstract

We consider the ground state energy of the Bose-Hubbard model on a graph with large and
homogeneous coordination number. In the limit of infinite coordination number, we prove conver-
gence of the ground state energy to the minimizer of a mean-field energy functional. This functional
is obtained by averaging the hopping term over the large number of connected sites, while the inter-
action energy is not averaged. Hence, the resulting mean-field description is in the strong coupling
regime, and is expected to provide a qualitatively correct picture of the phase diagram of the Bose—
Hubbard model for large enough coordination number. For our proof, we develop a new version of
a de Finetti-type theorem, which we call the polaron-type quantum de Finetti theorem, and which
we expect to be a more broadly useful extension of existing quantum de Finetti results. Our the-
orem covers the case where the Hilbert space is a tensor product of some Hilbert space with a
bosonic Fock space. This theorem is applied to the convergence of the ground state energy of the
Bose-Hubbard model after reducing it to a polaron-type model.

1 Introduction

1.1 Context

The Bose-Hubbard model [12] describes bosons on a lattice with on-site interactions and hopping
between nearest neighbours. As a lattice model, it is amenable to rigorous analysis, while being rich
in phenomenology. In particular, it is expected to exhibit a quantum phase transition between a Mott
insulator and a superfluid state [II]. In the mathematical physics literature, there are only a few
rigorous works on this type of phase transition. Without being complete, let us mention the following.
The work [4] considers the Bose-Hubbard model on a complete graph, which considerably simplifies
the problem as the model is then symmetry under permutation of lattice sites. For this model, rigorous
proofs on the thermodynamic behaviour are given, and the corresponding phase diagram is analysed.
In [1], the authors prove Bose-Einstein condensation for the hard-core Bose—-Hubbard model at half
filling with periodic external potential in the regime of small external potential and low temperature,
and the absence of it for large external potential or large temperature. In [I0], bounds near the
critical line of the Mott insulator phase are proven for the hard-core Bose-Hubbard model using
rigorous perturbation theory.

In our work, we do not directly attempt to prove the quantum phase transition. Instead, we prove
that the ground state energy converges to that of a mean-field model in the limit of infinite coordination
number of the lattice. The mean-field model is obtained from averaging the hopping term, and hence
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the mean-field theory is a one-lattice site description. The corresponding lattice-site product states
are known as Gutzwiller product states [14, [24]. In this mean-field theory one can compute the
phase diagram with numerical and some analytical techniques, see Figure [1l It is expected that this
mean-field phase diagram is qualitatively correct already for not too large coordination numbers, e.g.,
already in three dimensions for a cubic lattice with nearest-neighbour interaction [I1]. This justifies
our interest in the mean-field theory, and the need for a rigorous justification of the validity of the
mean-field limit. Note that for the averaging we have to scale down the hopping amplitude with
the inverse coordination number, hence our limit could be described as a “weak-hopping limit”. The
interaction is not scaled at all, and thus the mean-field theory is strongly coupled. This is in contrast
to weak coupling mean-field limits for bosonic systems, which are not usually expected to exhibit
phase transitions; see, e.g., [3, [13] for reviews and [22] for a result on the Bose-Hubbard model. Note
that to our knowledge this is the first proof of convergence of the ground state energy in the limit of
large coordination number. Recently, we proved a related result [9] for the dynamics. In the physics
literature, our approximation is well-known as a simple instance of the celebrated Dynamical Mean-
field Theory (DMFT), an extremely useful tool to study the dynamics of quantum lattice systems
with large coordination number [I11 [15].

A very versatile and general tool for rigorously justifying mean-field limits is the quantum de
Finetti theorem [28] [16]. For the justification of mean-field limits in quantum mechanics, it has for
example been used in [I8] to rigorously justify Hartree’s mean-field theory for continuum bosons in
the weak coupling limit. For further references, see the remarks [19], the reviews [25] 26], and [5] for
a quantitative version. Many follow-up works used variants of the quantum de Finetti theorem in
the derivation of mean-field-like limits in quantum mechanics, e.g., [20] for a mixture of Bose gases,
[21] for bosons in the Gross—Pitaevskii limit, and [23] for 2D fermions in strong magnetic fields. The
quantum de Finetti theorem states that reduced k-body density matrices of a symmetric (i.e., bosonic)
state converge in the limit of large particle number to a convex combination of product states. Such a
theorem can then be used in lower bounds for ground state energies. For example, for pair interacting
particles, the reduced two-body density matrix can be approximated by a convex combination of
product states, and a lower bound is obtained by concentration of this convex combination on the
minimizers of the corresponding mean-field functional.

The quantum de Finetti theorem as outlined above does not directly apply to our problem of
the Bose-Hubbard model with large coordination number. This is because our approximation is for
reduced lattice-site density matrices, and the Bose-Hubbard model is not generally symmetric under
the exchange of lattice sites. However, we can generate the Bose-Hubbard Hamiltonian through
translations of a reduced Hamiltonian of just one lattice site interacting with its neighbouring sites.
This reduced Hamiltonian is symmetric in the neighbouring sites. Hence, we prove here a new version
of a quantum de Finetti theorem that applies to a tensor product of a Hilbert space (to describe the
“core” lattice site) with a large symmetric tensor product of another Hilbert space (to describe the
neighbouring sites). Such a structure is also encountered when considering a tracer particle coupled
to a bath of bosonic particles, e.g., the polaron [2], hence we call the corresponding version of such a
quantum de Finetti theorem a polaron-type quantum de Finetti theorem. Note that we cover the case
of infinite dimensional Hilbert spaces here, hence going beyond related finite dimensional versions of
such theorems [I7, [5]. We expect this theorem to be interesting in its own right, and regard it as the
main technical novelty of the paper. We note that similar results for composite systems have recently
been proven in [7], where they have been applied to Nelson-type polaron models. This was based on
the theorem from [§], and our Theorem (7| is in the same spirit as such results. We remark that we
explicitly construct the de Finetti measure in the finite dimensional case in Theorem



1.2 Model

We consider a sequence of graphs (V., E,).en with vertex set V., and edge set E, with constant
coordination number z, i.e.,

VeeV,, V¥ =z with VI ={yeV |{z,y}eE.}.
We will consider the limit where z — 00. We first notice that

Bol = S Val, Vil > 2. 1)
Remark 1. Some examples of graphs are:
e The d-dimensional square lattice with periodic boundary conditions and length L € N* | i.e.,
Va = (Z/L2)",
in the limit d — o0, with nearest neighbours as edges, so that z = 2d.
o The cubic lattice V3 with connections inside large balls of radius r, so that

z ~ —mrd
r—om 3

with the lattice size satisfying L > r.

o The lattice Vg with neighbours of order n € N connected, so that

. (ay

d—w 1!

The one-lattice-site Hilbert space is £2(C), and we denote its canonical Hilbert basis by (|n))nen-
We define the standard annihilation and creation operators a, a* satisfying the CCR by

al0) =0, VneN* aln):=+n|n—-1),
VneN, a*|n) =+vn+1|n+1).

The particle number operator is

and the Fock space is

Fy, =

z

OVl = Fy (LA(V;,C)) = @ L*(V;,C)®+™. (2)

neN

In these notations, ®, denotes the symmetric tensor product and F, (LQ(VZ, (C)) the bosonic Fock
space constructed over the one-particle Hilbert space L?(V,,C). Equation provides two equivalent
representations of the same Fock space. The right-hand side is the standard “particle representation”,
while we call the left-hand side the “lattice-site representation”. The latter will be the convenient
setting for this paper, as we aim to control correlations between lattice sites rather than between
particles.

We denote by L the set of linear operators, by £, the set of positive linear operators, by £P the
p-Schatten class for p € [1,00], and by K the set of compact operators. Given an order < on V, we
denote

VAe L (£2<(C)) T € V'Z7 Aac — 1§2|{yev‘y<x}| RAR® ]1£®2|{yele<y}\ el (Fz) . (3)



For a hopping amplitude J € R, a chemical potential 4 € R, and a coupling constant U € R, we define
the Bose-Hubbard Hamiltonian

Hy = -2 3 (afay+aia)+(T—p) S A, +% 2, Ne(Ne = 1), (4)

z
{z,y}eE. zeV, xeV,

In view of , we note that the kinetic energy is given by

dU(=A) = Y (d—a))(ae—a))= >, Nat+N))— > (atay +aja,)

{z,y}eE: {zylel. {zyleb:
=z Z N, — Z (a;‘ay + CLZ%) ,
zeV, {z,y}EE,

with scaled amplitude J/z, so that the energy contribution is of the same order as that of the one-
lattice-site terms when z — o0. We emphasize that the mean-field limit considered in this work
amounts to averaging over the y variable in , i.e. over the neighbouring shell V¥ around z € V.
This is the main difference from known results on mean-field limits, which average over particle
interactions [3), 13} 22]. This is also the reason why the mean-field scaling 1/z appears in front of the
kinetic energy in (4)), as opposed to the usual 1/N rescaling of the interaction energy.

Note that, using , the Bose-Hubbard Hamiltonian can be rewritten for any « € C as

Hy, = Z (—J (aa; + Qa, — |a|2> + (J — )Nz + %Nz(/\/x - 1))

zeV,
LS (- @y ) + (0] — e ).
{zylel.

Then the mean-field theory is obtained by neglecting all terms quadratic in ¢ — «, and choosing « as
the averaged annihilation operator. Hence, we introduce the nonlinear mean-field operator

U
hy = —J (apa® + aga — |ag|*) + (J — wN + FNW -1, (5)
with the order parameter

Qyp = <(10a a<,0> (6)

where ¢ € £2(C) is a one-lattice-site state. The corresponding energy functional is

(o, ho) = —Tlagl? + (] = 1) (9, M) + 5 o, NV — 1)) @

1.3 Main results

Our main theorem is the convergence of the ground state energy of the Bose-Hubbard model to
the ground state energy of the corresponding mean-field energy functional .

Theorem 2. If U >0 and J = 0, then

: (¢, Hy, 1) .

inf. ——*—* — inf ,h .
veFv, VI z>® per(c) 2 o)
Wz, =1 lpllpz =1

The proof is given in Section



Remark 3. Let us gather a few simple facts about the ground state energy of the Bose—Hubbard model
[). Note that we do not fix the particle number (or density) as a constraint. Then the vacuum state is
a possible trial state, hence the ground state energy is always non-positive. Furthermore, for example,
for U < 0, we can use a sequence of trial states with increasing density to see that in this case there
s no ground state, i.e., the ground state energy is —o0. Then there are only a few non-trivial regimes
of parameters J, u,U € R, i.e., regimes where the ground state energy is neither 0 nor —oo. The
most physically relevant regime corresponds to J =0, p > 0, and U > 0. The physically less relevant
regimes, with non-trivial ground state, occur for negative hopping amplitude, i.e., when J < 0, together
with U >0 and p > J.

Remark 4. In the regime where J = 0, u > 0, and U > 0, one expects a superfluid phase for
% » 1. For small values of %, a Mott insulating phase can occur. Mean-field theory predicts a phase
diagram as in Figure |1, and this prediction is believed to be qualitatively correct already for relatively
small coordination numbers, e.g., for a simple cubic lattice (three dimensions) with nearest neighbour
interaction.

“
U
A

Figure 1: Mott insulator (MI) / Superfluid
(SF) phase diagram [II]. The diagram is
obtained by minimizing the mean-field en-
ergy functional . Provided a ground state
o(J, p,U), the Mott insulator phase is de-
fined as region where o, (J, i1, U) = 0.

S~

The upper bound in Theorem [2| follows directly from a simple trial state argument using a lattice-
site product state, see Proposition [8l The lower bound is non-trivial since the Bose-Hubbard Hamil-
tonian is in general not symmetric under the exchange of lattice sites. However, in Section we
will show that in the proof of a lower bound it can be reduced to the local Hamiltonian

z U
H, = Z <—J(a3ai +afag) + (J—p) Mo+ N;) + Bl (No(No — 1) + N;(N; — 1))> , (8)
i=1
which is symmetric with respect to exchanging the variables i € [1,z]. Our strategy is to use a
quantum de Finetti theorem suitable for such Hamiltonians in the proof of the lower bound.



The system described by the Hamiltonian behaves like a system consisting of one particle of a
first type (corresponding to the index ¢ = 0) and z bosonic particles of a second type (indices i € [1, z]).
Hence, we introduce the following formalism for bosonic systems with multiple species.

Definition 5 (Multiple-species bosonic states and reduced density matrices). Let Hi, Ha be two
separable Hilbert spaces. Given N1, Ny € N, an operator

N- N. . .
YNy, Ny € Ei (7—[?* ! @’H?+ 2) satisfying Tr(yn,,N,) = 1

is called a (N1, Na)-bosonic state. Let ki € [0, N1] and ko € [0, No]. We define

(k1,k2)
NN = TEy @k gy @ ko) (YN1,N2)

as the (ki,ks)-reduced density matriz, where for i € {1,2} we trace out N; — k; variables from the
symmetric variables in H,;.

Note that this definition can be generalized to more than two species of particles. Next, we
generalize to Fock spaces.

Definition 6 (Multiple-species infinite bosonic states). We extend Definition @ to the case where
Ny = 00. An (Ny,00)-bosonic state is a sequence

YN1,00 = (FYvaN?)NQEN el <H1®+N1 ®.F+ (HQ))

where YN, N, € L (H1®+Nl ®7—[2®+N2) are (N1, Na)-bosonic states satisfying the consistency condition

Ni,N.
VNQ € N7 ’YJ(\/'LIN23»)1 = ’YNI,NQ'

Then we can define

Vk1 € [0: Ni], ko €N, ’y(kl’kz) = 7](\1;:117}]\6[22) for any No = ko.

Ni,00

This definition can be extended to the case N7 = o0 and to more than two species of bosons.
For such states, we have the following quantum de Finetti theorem. Let us denote by Sy, the
sphere in H,, and by M the set of Radon measures.

Theorem 7 (Polaron quantum De Finetti in the limit N — o). Lety € L (Ho ® F+ (Hs)) be a (1,00)-
bosonic state. We assume that there exists a sequence (Pp)men of projectors on Hs, respectively of
rank m + 1, such that

Tr (’Y(O’I)Pm> m:)oo 1.

Then there exist

e a probability measure P € M (Sy,,R;),
e a function ( € L' (S’HS,Ei(’HO)) satisfying, P-a.e., Tr(¢) =1,
such that

vhe N, 109 — [ ()@ dp(w). (9)

S

The theorem is proven in Section

The remainder of the paper proceeds as follows. In Section [2| we provide a proof of Theorem
First, in Section [2.1] we prove the upper bound. In Section we discuss the reduction of the Bose—
Hubbard Hamiltonian to the reduced Hamiltonian . Additionally, we prove bounds on certain
moments of number operators that are used to verify the assumptions of Theorem [7} With that, we
conclude the proof of Theorem [2] in Section [2.3] Section [3]is devoted to proving Theorem [7] First,
in Section we deal with the finite dimensional case, and in Section we then use Fock space
localization methods to prove the infinite dimensional case.



2 Ground state energy convergence

2.1 Upper energy bound

The upper bound is trivial in the sense that it is sufficient to take a factorized state as a trial state.
Indeed, the Bose-Hubbard energy per lattice site for a lattice-site-factorized state is equal to the
mean-field energy.

Proposition 8 (Upper energy bound). Let ¢ € (2(C) such that ||¢||,2 = 1, then

(®IV=l, Hy, o®IV:1)

= (p, hpp) (10)
V2| v
and hence
: (¢, Hy, ) .
inf ——F~ < inf Jh . 11
S v ey (@, heoo) (11)
41l 7, =1 el 2=1

Proof. Using and then , @, and , we obtain

<90®|VZ|,HVZSO®|VZ|> _2J|E|

v A (p,a* @) (p,ap) + (J — ) (p, N) + % (o, NNV = 1)) = (@, hypp) -

Equation follows by minimizing over ¢ and noticing that @®‘Vz‘ e Fy, with H<p®‘Vz| £, =1 0

Vz

2.2 Translation invariance

Noting that is “translation invariant”, we reduce the model to the local Hamiltonian

= 3 (0 o+ afan) + (=) (N6 + 4D + 5 (NG(No— 1) + AT - 1)) (12

=1

acting on £? ((C)®(ZH). As the graph is not embedded in a vector space, the translations we refer to
are formally maps of the form T : V, — V, satisfying

Vo eV, T(VF) = vI@),

For instance, in the examples we provide in Remark [I} physical translations by a lattice vector are
translations in this sense.

The Hamiltonian ((12)) is symmetric with respect to the index i, i.e., with respect to its last z
variables. Hence, we consider the Hilbert space

Fi, = {*(C) ® £*(C)®+=.

This is a Fock space sector with one distinguished lattice site, which we call the core, and z indistin-
guishable lattice sites, called the (neighbouring) shell.

Let v € LY (Fy.) and W < V,. We define the partial trace of v over V,\W as the operator
Tryw (7) on £ (¢2(C)®W1) such that

VK € K (ﬁ(«:)@Wl) | T (Tryoy (7) K) = Tr (vKw) (13)

with Ky being the generalization of acting on the coordinates in W in the order provided by the
ordered set (V2, <).



In the following, we would like to specify the order of action on the coordinates of V, such that
the first coordinate corresponds to core variables. We proceed by considering a list w = (wl:‘w‘) such
that W = {w;, i € [1: |W]]} and generalize through

VE € K (2©FM), Tr (Trv.y, () K) = Tr (vKu) (14)

where K, acts on the coordinates in W in the order provided by the list w. When w; < we < -+ <
w|W‘, we recover

Try\w (7) = Tryaw (7) -
We then introduce the (1, z)-reduced density matrix

(12)

D Ty @y (7). (15)

zeV,

gl
\V\

Note that specifying an order on the shell V" is irrelevant due to the symmetry of H; .. This is why,
in , we only specify that the core variable z corresponds to the first coordinate in v(1%). We then
have the following result.

Proposition 9 (Energy reduction via translation invariance). For Hy, from and Hy , from

we have
e Wt L e Hene) o 0 )
¥1,.€F1 2z P1,,€02(C)B(=+1) 2z b PYeFy, |Vz|
=l =1 1,2l 2 =1 Il 7, =1

Proof. We find

S H e = 3 Y (—J(a;ay—i-aZax) (T — 1) (N, +Ny)+g(Nx(Nx—1)+Ny(Ny—1))>

zeV zeV yeVZ
= 2zHy,.

Let ¢ € Fy, with [|[¢[| 7, = 1. We then have

<¢7HVZ -
A 2Z|V| Z (Hy o yz) = 2Z|V| ZTr Tryeve) (1) (@) Hy.z)

RGN (W )

= inf
2z P1..€02(C)®GEHD 2z
||7/)1,ZHe2:1
The first equality holds due to the symmetry of Hy . with respect to its last z variables. O

Next, we estimate a useful combination of number operators. We introduce the following notation.

Definition 10 (Moments operators). We define

z 8
VAe L' ((3(C)), A, ==22Ai7 VB eRy, Mg ’_ZN +N
i=1 =1

= NP + (V).

This defines operators on £2(C) ® £?(C)®+7, and we also extend them, sector-wise, to the Fock space

*(C) @ F4 (1*(C)) ~ P *(C) @ £*(C)®+*.
zeN



The Hamiltonian (12]) can then be written as

Hy . U U
% = —J (ajas + aiap) + <J —u— 2) M+ 5./\/(2. (16)
We note the following bound.
Proposition 11. Let 0 < 81 < 8. Then,
-6 AL
Mp, <27 P2 Mg2. (17)

Proof. Let

et NG it i s odd,
iefl:22], i j\/’flifiiseven.

2

By Holder’s inequality,

b1 B
1< 1 g.m (& 2\7 8 (GNP NE\NR s B
My = DA< (22)' (ZAfl SR DI I P
1=

z
=1

We can then prove an energy estimate for the moment M. For z € R, we set x4 = max(0, ).

Proposition 12 (M energy estimate). If U > 0, then

U 2 H
2 +p+ =<0 — My< = —2%,
2 U =z
U 4 Hp, 4J_ +2u 2
2J_ — >0 Mo = —= 42— +1) .
ot — My< 7 —=+ ( o+
Proof. Noticing that
1 z
0.< - > (af & a7)(ap + ai) = My £ (afas + afag) = — M < agas +afap < My,
i=1
= |agas + arag| < My, (18)

and using with 5y =1, B3 == 2 together with , we estimate, for € > 0,

U Hiy .
z

Hi .
L2 4 T (atas + atag) — (J—u—) M, <

U U
5/\42: +(2J_+M+2)M1

2
L +<2J_+u+> 2M2<1’+<2J_+u+> <+6M2>.
z 2 n z 2 4 2€

If2J,—|-,u—|—%<O,onehas

N

2 Hy
< ——.
M U
. . ._ U
Otherwise, choosing € := 2+ D) we find
4 Hy, 4J_ +2u 2
< == 2 1) .
Mo A < i + )



Remark 13 (Domain of H; ;). If H is a separable Hilbert space and A € L (H) satisfies A = 14y, then
the Sobolev space

(4400 = {ye £'3) | VAyvVAe L ()}, ol prn = H\/Z . x/ZHU)
18 a Banach space whose topological pre-dual is
.)
L

(VAK() VA,
Using and for the Hamiltonian , we obtain
Hy, U U U U
% < <|J|+J—u—2> M+ S Ms < <2J+—u—2> V2My + S M.

This shows that Hy . has domain LYM2T1 ((2(C) @ (2(C)®+%). We denote
VBeR,, £V = ptMstl

)A*% o A3

An important step toward the lower bound is the weak™ lower semicontinuity of Hj . on its domain.

Proposition 14 (Weak* lower semicontinuity of Hy.). Let k € N* and

(vi)ien S L3 (ﬁg(C) ® 62(@)®+k>

such that
% 5 e £ (A0 @ A(C)P+H).
1—>00
IfU >0, then for all B € [0,2[, we have strong convergence in L% (EQ(C) ®€2(C)®+k) and
Tr(vH Tr(vH
ka L) < Jining T(’Yk k)
1—00
Proof. Let (€ [0,2[. Using ,
B
(Mo +1)"2 Mg (My +1)72 <25 M32 (My + 1)
<2 (M 1) K (B0 @ AOF),

hence Mg € /My + LK (*(C) ® £2(C)®+*) /M + 1, and we can pass to the limit in
Tr (M) —» Tr(YMp). (19)

i
The case § = 0 yields Tr (y;) — Tr(v), and since v = 0 (non-negativity passes to the limit), we also

1—00
have

il g1 = Tr (i (Mg + 1)) — Tr(y (Mg +1)) = 7]l z1s,

1—00

hence the strong convergence (see [27] for a reference). Similarly,

SMa+1) 2 M (Ma+1) 2k (62(C> ®€2(C)®+"”) :

N

1
(Mo + 1) 2 |ajas + atap| (M2 + 1)~
therefore

Tr (i (agas + agao)) — Tr (v (agas + agag)) - (20)

1—00

Moreover,

Tr (¥M) = Tr (M2 +1)7 7 (M2 +1)2 ) = Tr (3) = |yl e = Tr (9) < liminf |1l 12 = Tr ()

= liminf ([ g2 = Tr (7)) = liminf Tr (;M2) . (21)
We conclude by combining , with 8 =1, and in , using that U = 0. O

10



2.3 Lower energy bound

We are now ready to turn to the proof of the main result.

Proof of Theorem [ With Proposition [§] in mind we only need to gather the elements for the proof
of the lower bound.
Let (¢1,2).en be a minimizing sequence of

H
lim inf <¢1,za 1,z¢1,z> )
z—00 ¢1,z€]:1,z 22

lrsly, =1

Taking the vacuum as a trail state, one sees that the energy is negative. Denote 1 , == |t1.2) (¢¥1,2],
then Proposition with J > 0, implies that

2 2
Tr (71,.Mz) < 2 <(§” + 1) . (22)

Recalling Definition we find
Vk € [[0 : Z]] , Tr (’yl’z./\/lg) =Tr (78;1) (J\/’()Z +N12)> =Tr (’78;;1)./\/12) =Tr (fy%,l;k)MQ) 7

o 'yfz’k) is uniformly bounded in z inside £? (£2(C) ® £*(C)®+*), as defined in Remark After a
diagonal extraction, we get

ke N, (Y 5 30 e £} (2(C) @ A(C)2+).

1,z 2

The limit stays consistent in k. With Proposition the mass is preserved in the limit so ('y(l’k)) keN
is a (1, 00)-bosonic state (see Definition @ By setting P, = Iy <, for m € N, we verify the last
assumption of Theorem [7/l We find

T OO DMy
(m+1)2 = (m+1)2 moo

0<1—Tr (’y(o’l)Pm) — Ty <7<071>]1N>m> <

due to (22), which grants us the existence of
e a probability measure P € M (ng(c), R+),
e a function ¢ € L' (Spz(c), £ (¢*(C))) satisfying, P-a.e., Tr (¢) = 1,
such that
Whe N, 0 = [ (@t ar(w). (23)
Se2(o)

Let k € N*, then as a consequence of Proposition

T H
lim inf M = lim inf

2—00 z 2—00 k

(1,k)
T (1 ) 009 _ [ Tk m)

Se2(c)

With a final computation involving ,

Tr (¢(u) @ p2F Hi )
k

= — T (Tt (C(w)a) Tt (pua) + Tr (((u)a) Tr (p,a”))

(7= 0= G ) (TN + e () + (T () + T ().

11



Let o = Tr(Ca), then

ac()an + mac(u)| < lag()? + lul,
so recalling and using J > 0 we find

Tr (¢(u) ® p2* Hi ) .
=2 f ,ho) . 25
’ e (@, hotp) (25)
llpll2=1

Using Proposition [0 and then and (25), we obtain the lower energy bound

H H z T ZH z
liminf inf M > liminf inf M — lim infw
2—00 YeF ’V;’ 2—00 VeFi - 2z 200 2%
]l z=1 Il 7 =1
Tr (¢(u) @ p&* Hy )
> v L dP(u) = inf Jh dP
| " W= | i Gehge) P
Se2(c) Sy llellz=1
> inf s hop) .
0el?(C) (e hio)
llell2=1

3 Polaron-type quantum de Finetti theorems

3.1 Finite dimensional approximation

Following the previous subsection, we develop a de Finetti theorem for a system with one distinct core
particle and a symmetric shell of N € N particles. We start by assuming that the shell Hilbert space
has finite dimension, namely C™*! with m € N. Let Hy be a separable Hilbert space representing the
core particle. This setting is similar to the one of the polaron model where one has an impurity in a
bath of indistinguishable particles. This is why we expect that our methods might be applicable to
proving mean-field limits for such models as well.

We define the symmetric projection

1 m+1\®N m41\®+ N
R
TESN

where Sy is the permutation group on N elements and U, is the unitary defined by

N

Vi € (Cmﬂ)@N, z1v € (C™)7, Usto(@rn) = ¥ (To(1)s- - - To()) -

Denote by ™ < C™*! the complex m-sphere, with h,, being the normalized Haar measure on
S™. We recall the Schur formula:

m

g = (V) [ e an (26)
J

where p, is the orthogonal projection onto v € C™*!. This is a consequence of Schur’s lemma applied
to the following irreducible representation:

Un+1(C) — End ((C™H1H)®+N)
U — USN,

Our first result is the following.

12



Theorem 15 (Polaron quantum de Finetti for finite N). Let vy € £ (Ho® (Cm+1)®+N> be a
(1, N)-bosonic state (see Definition [5). Then

N + m

MmN = ( mm) f (]17'[0 ®p%N ’Y1,N)( )®p®Ndh ( )€ ['i <7'l0® (C +1)®+N> (27)
gm

satisfies Tr(m,n) =1 and

4dmk
< .
cr " N+1

ot i)

Proof. First, n1 n is positive as a sum of positive operators. Then, using ,
N+m QN +
Tr (m,N) = m Tr (]lfHO R P 'yl,N) dhp,(u) = Tr (]17-[0 ® IIy ’Yl,N) =Tr(yi,n) =1. (29)

With the notation 1 := I gm+1, we start by expressing %1},\1;) using ([26)):

(1k) N—k+ _ (LK)
785\1;) = (]1%0 IS QI _, m N) = ( m m> j (]17-[0 ® 1% @ p@W k)’Yl,N> dhan ().
gm ~-

J

=i (w)eL) (Ho®(Cm+1)®+F)

(30)
We claim that
Ty, @ PFF (u) Lggy @ PF* = y0(u) @ pS*. (31)
Indeed, if A € K(Ho) and B e K ((Cmﬂ)@k),
Tr (A® B Ty, @9 u(u) Ty @8 ) = Tr (A@ T BpS* e(u))
— Tr <A®p )Tr( ®kB)
= Tr (A 1n) Tr (pE*B) = T (Av0(w) Tr (5" B)

Tr<A®B’70( )@ p) .
Inserting into ,
N + N +
o= (V) [ o @i = (N5 [ @85 20w 10,5 (w0
Sm

m m
am
(N—k—i—m)
N—-k+m m 1,k

(TR [ e @08 ) 1 @ ) + 1—<N+m) i @

Ssm m
Moreover, using ,
N + N + Lk
( mm> f Ly ® p2* ()l () = ( mm> f (Lo @& 7)Y () = 3. (33)

m Sm

13



As g (u) = 0,

J Ty, @ (1 — p&%) () Ty ® (1 — p*)dhun (1)
sm Ll

= Tr ( J 13y, ® (1= p§*) e(u) 1y, ® (1 p??k)dhm(u))
o

j T340 ® (1 — p&) () b (1)
J

=Tr ( J T3, ® (1 — p®F) vk(u)dhm(u)) <

Sm

El

Hence, combining

V(1) — L3 @ p2F po(u) 13gy @ p2F
= 13, ® (1 — p2F) Y1 (w) + () Loy ® (1 — p2F) — Ly, ® (1 — p2F) Y1 (w) L3gy @ (1 — p&F),

with and , we obtain

f (90() = T4y @ D" () Tty @PE*) dhn(w)|| <3 f L3, ® (1= pi*) yu(w) dh ()
Sm, Ll S™m rl

ol (N kEm\ TN\ T am| g ((N—kam\ T (N ) (34)
N m m NN ﬁl_ m m '
Withand ,
N—-—k+m
B0 a0 = (M) [ ()~ iy @8 )ty ©58°) (1

m

<N —k+ m)

_ m (1,k)

N+m R
m

Then, inserting and along with

N-—-k+m
) m _ (N—k+m)INt S N-—k+i  (N-k+1\" L
<N+m> (N =E)YN +m)! 11 N4 N +1 B N +1

1

m
mk
- N+1’
we get
<N—k~|—m>
[P -], < e | S w T (3
m

]
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Remark 16. Some comments:

o Qur intuition is that is the main novelty compared to the usual de Finetti argument. A
priori, we only expect factorization to occur between the many symmetric variables, and not
between the impurity and the rest. However, since we are able to project the symmetric part onto
a rank-one projection p?k, the resulting (1, k)-variable operators exhibit a full factorization.

e De Finetti theorems have already been used for multi-species systems [20)], with a large number
of symmetric particles in each species. Our De Finetti theorem can also be generalized to this
setting: one impurity and multiple species with a large number of particles in each species.

We now consider the limit N — oo while keeping the dimension m + 1 of the Hilbert space of the
symmetric particles fixed. Note the following.

Definition 17 (S'-invariance). Let ¢ be a trace-class valued functions and P a probability measure on
a Hilbert space. ((,P) is said to be S* invariant if

Vo eR, ¢P =P and P-a.e.,( = (oe?,
0

where the phase €' is set to act multiplicatively on every complex coordinates of the Hilbert space.

We denote by M the set of Radon measures and C° spaces of continuous functions.

Theorem 18 (Polaron quantum de Finetti for N = o). Let v, € £ (7—[0 QR F+ ((Cm“)) be a (1,00)-
bosonic state. Then there exist a unique S'-invariant

e probability measure P, € M (S™ R,),
e function Cm € L' (S™, LY (Ho)) satisfying, Pp-a.e., Tr(Cn) = 1,

such that

VEkeN, 3 = f (o (0) ® P2 AP (). (36)

Moreover, up to a subsequence, we have the following approximation:

(1,0)
(N;m) ( ®p (1 N)> hom, Ni CnPo, as trace-class valued Radon measures. (37)
—00

Proof. Let N € N, we define

Sm - L1 (Ho)
CNm - N+m (1N)() (38)
o () fart)

and observe that, using ,

ICxmlys = f €m0 s 1) = (N””H r (11, @28 A1) ()

=Tr(]lHO®HN fyﬁn )) Tr( (1N)>=1.
Thus

(CNmbum) y © M (S™, L1 (Hg)) = C° (8™, K(Ho))*

15



is a bounded sequence of trace-class-valued Radon measures. By the Banach—Alaoglu theorem, up to
a subsequence,

CN,mhm NE\OO Zm € M (Sma E}i- (HO)) : (39)
Moreover,
P = | Zunll s = T (Z) € M (S™,R ) (40)

has bounded total variation since
Tr (Z,(S™)) < liminf [|(nm || = 1.
N—w0
As Z,, € P,,, by the Radon—Nikodym theorem,
ICm € L' (S™, L1 (Ho)) such that Z, = (P,
and implies . Taking the trace, it follows from that

meaning that P,,-a.e., Tr ((,,) = 1. Then has the following meaning:

Vg e CO (5™, K(Hy)). f Tr (o () p()) i (1) f Tt ((n () (u) dP(u). (A1)

N—o
Sm Ssm

With the same notation as in Theorem (15 applied to 77(,1’]\[), we define

M,N = f (N (1) @ P2V dhyp ().
Sm

Let ke Nand K € K (Ho ® (Cm+1)®+k>. Considering the test function
(1,0)
u (Lo, @99 K) € C° (S K(Ho)),
in , we obtain

T (08) = [ 1 (cnm(@ @5 K) o) = [ 10 () (1 @8 K)" ) )
gm Gm

N—o0
Sm sm

. J T (gm(u) (130 ® 5 K)(1’0)> AP, (1) — f T (Gnl) @ pE* K ) B ()

= Tr f Cm (1) @ p&F dP,, (u) | K
Sm

Hence,

i | Gl @52 denw.
Sm

Using , and observing that

(Lk)‘

Hnglj\];) — Ym (Lk) (’y%,N)>(1,k)

N

— 0,

L1 N st N—0

16



we conclude that

A = f (1) @ P2 AP (1),
Sm

Finally, taking the trace,

1= (39) = [ T (G () T () @P() = [ ) = (5™
Sm Sm

so P, is a probability measure.

Sl-Invariance. From we infer that (,P,, is S'-invariant as a trace-class-valued measure,
being the limit of such measures. Taking the trace, this implies that (,,,P.,) is S'-invariant in the
sense of Definition [I7l

Tracing out the first variable in , we reduce the situation to the known case where IP,, is the
unique S'-invariant probability measure on S™ satisfying . Then, if there exists another candidate
G € LY (S™, L1 (Hp)), we find that

vk e N, J (Gn(w) = Gn(w) @ dPyu(u) = 0.
S’m
Using the standard arguments for the uniqueness of PP, i.e., testing the above against 14, ®®f:1 A;

for A1, € L ((CmH) self-adjoint and k € N, we find, by density (Stone—Weierstrass theorem) of the
algebra generated by functions of the form

u —

(u, A2u> € CD (Sm/sq,R) y

-
II >
— :

that Vf € C° (5" /51, R),
[ (nt) = Gnt@) 5600 @Bt =0

Sm
This implies that

(Cm - Cm) IEDm =0
as a trace-class-valued measure, meaning that P,,-a.e., (;, = Em O

3.2 Fock space localization

In order to deal with the finite-dimensional approximation in , and replace C™*! by a separable
Hilbert space Hs, we use the Fock space localization method, see [1§].

Proposition 19 (Fock space localization). Let vy € L <7—lo ® (HS)®+N> be a (1, N)-bosonic state,
P be an orthonormal projection on Hs, and Q) = 1y, — P. The trace-class valued measure

N

N _ _ 3\ (LK)
My = ), <n> (]IHO ® PE" @ QPN 3y x 1y, ® PP @ QY n)) 0%
n=~k
satisfies
0 k(k—1
VkeN, |1y, ® P 43 1y, ® POF — f ANdMy (V|| < (N_) (42)

0 Lt

17



Proof. Using the symmetry of v; y with respect to its last N variables, we may apply the commutative
binomial formula and observe that, for k € [0, N],

_ (1,k)
7511\]/6) (17-!0 ® ]1%]: ® (P +Q)®WN-H) 71,N)

N—-k
Nk . 8
- 2 (78 (e e P eqe i o)
_ (V- (11, ® 18 @ PO @ QBN 5 )Y

n=k n—k o " .

n=0

Therefore,

L4, ® PO A1) 13y, @ PO

& (N —k N N ()
-2 <n—k:> (120 ® PE" @ QBN 1y 1y, @ P @ QO ) (43)

Combining with the definition of My yields

1y, ® pek 78],\];) 1y, ® pek _ JAk dMNJf()\)
rl

(Z—_:) B <N> @)k‘ Tr (]IHO ® P @ Q¥ '71,N> : (44)

n

N

Assume that k£ > 1 and let n € [k, N]. We estimate
N\ ' (N-k :n' :ﬁn j> n—(k—1)\"
n n—k 120 N—j N

O )

o< (3)' (1) () < G e e e

If £ = 0, the right-hand side in vanishes. Otherwise, it is bounded by

Hence,

1
Ly, ® PEF 4130 13, ® POF — J AF dMy ()
0

L1
N

= i nzzlk <7’L> o (]IH()@P ®Q 717N) s N ‘
]

We are now ready to prove Theorem Let us denote by Sy, the sphere in Hs. The core idea
is that P, acts on the symmetric variables, thereby reducing the statement to the finite-dimensional
case.

18



Proof of Theorem[7. Let N,m €N, k € [0, N], and with the usual notation,
Qm =1y, — Pp.
In view of applying Proposition [19to v(:Y) | we define
y (LK)

N -n n -n

n=k _

=nn kLY (H0®(Pm?-[s Y&+ k)

e Taking N — oo:
(MN km) yey 18 bounded in M ([0, 1] ’ﬁ}r (HO ® (pmeS)®+k)):

N N
N n -n
Tr (My e ([0,1])) = > Tr (nvp) = D, (n) Tr (]1% ® PP @ QO ,ymv))
n=~k n=~k
N
< 2 N Ty (]1 ® P& g Q¥ ") (LN)> = Tr (AN} =1 (46)
S n Ho v = 1r\v =L
n=0
Hence, after extraction,
My = My € M ([0,1], £ (Ho @ (PuH)F) ) (47)

Let K € K (Ho ® (PnHs)®+*). Then A — A K € C0([0,1], K (Ho ® (PnHs)®+*)), and thus

N—o0

1 1
Tr KfAdeN,k,m(A) — Tr KJA’fde,m(A)
0 0
It follows that
1 1
f A AMy (V) 5 fA’fde,m(A) e L' (Ho® (Pt )®*H).
N—0
0 0
Together with , we obtain

1
Ly, ® PEF 4R 1, @ POF — f)\’“dem()\), (48)
0

since (7(17N))(1’k) = (1K) is now independent of N.
e Consistency of Mj, ,,:

We can canonically extend Definitions [5| and |§| to trace-class valued measures. Since P,,H, is
finite-dimensional, we can trace out one coordinate in (47)) to obtain

(1,k) * (1,k)
MN,k+1,m N:oo MkJrl,m‘ (49)

Following from ,

1,k
My tm = M jom — N0 k - (50)

19



The estimate implies that ||nn x|, = Tr (nyk) < 1, so we can extract a limit

TIN k Ni Nk € E}i- (HO ® (PmHs)®+k) .

—00

Let ¢ € C%([0,1], K (Ho ® (PrnHs)®+*)). Then

JITI" (N kp(N)) dox = Tr <77N,k:90 (ﬁ,)) = Tr (nn,re(0)) + Tr (mv,k (s@ (;) - 90(0)>>
0

v Tt (e (0))

since (0) is compact and Hgo (%) — go(O)HLOO e 0 by continuity of ¢. We deduce that

0

N0 E Ni nido € M ([07 1], L% (Ho ® (PmHS)®+k>> :

—00

Together with and , taking N — o0 in yields

1k
Mk(:+1,)m = Mim — nido- (51)

Keeping in mind that My ,, will be integrated against M (see ), we do not care about the mass
at 0. Hence, let

B € B0, Min(B) = M (B\(0) + Mo (B 0 (0D ® (327 )
so that ]\m/.fO’m = My, and, with and then ,

T (Wi [0.11) = Tr (M (0, 11)) + T (Mo ({0})) = T (Mo (0, 11) + T (Mo ({0)))
=Tr (MO,m ([07 1])) < h]{[n_)lo%f Tr (MN,k,m([Ov 1])) <1 (52)

and (Mkm) LeN 1s consistent in k:
= My, . (53)

e Applying Theorem [18§| to M ,,:
By the Radon-Nikodym theorem, there exists g, € L' ([O, 1], L (’Ho ® (PmH5)®+k)) such that

Mk,m = 'Yk,mTr (Mk,m) = %,mTl" <M0,m) y (54)

with Tr (Mk’m>—a.e. Tr (Y,m) = 1. Note that the consistency equation implies that Tr (Mkm>
is independent of k. Hence,

k ~ ~
Vliil?mTr (MO,m> = ’Yk,mTr (MO,m> )

and (Ykm)ken is consistent Tr (]\7077,1)—&.6. Then, for Tr (]\707m>—a.e. A € [0,1], we can apply Theo-
rem |18/ to (Vr,m(A)) ey there exist

e a probability measure Py ,, € M (S, R} ),
e a function ¢, (A, ) € L? (Sm, E}r(’Ho)) satisfying, Py m-a.e., Tr (Gn(A, @) = 1,
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such that

VkeN, mm(\) = f Cn(O\ 1) @ p2F dPy 1 (u). (55)

Here S™ stands for the m-dimensional sphere in P, Hs. From , and then , we infer that

1 1 1
1y, ® POk 410 1, @ POk — fA’fde,m(A) _ JA’“dJTJk,m J Ny m () dTr (M0m> )
0 0 0
1
_ f 2K J Cn(010) @ B (u) T (Mo ) (). (56)
0

e Construction of a measure on [0,1] x S™:

We observe that, by testing against ]IH()@@f:l A;for Ay e L ((Cm“) self-adjoint and k € N,
we find, by density (Stone—Weierstrass theorem) of the algebra generated by functions of the form

k
A N T T (u, A € €0 ([0,1] x 57 /g1, R)

i=1
that we can define P, = PP, ,,, ® Tr (Mo,m> as a measure on [0, 1] x S, which is uniquely determined
on measurable rectangles by

VA e B([0,1]), B B(S™), B(A x B) == f Py (B) dTr (J\%m) (\).
[0,1]
This measure is finite, due to :
Pu([0,1] x S™) — f a1r (Bl ) (4) = T (Mo n([0.1])) < 1. (57)
[0,1]

We can extend Py, by 0 to a measure on [0, 1] x Sy, since S™ < P, Hs. In particular,

Ly, @ POF (LF) 1, @ POk — f f NG 1) @ p&F dPy (A, ), (58)
[0,1]x S

with P,,-a.e., Tr ((,;,) = 1. As a consequence of the above density argument and the S'-invariance of
Theorem CmPyn is the unique S'-invariant trace-class-valued measure satisfying .
e Taking m — oo:

It follows from this uniqueness property that ((,Pm)men is consistent in the following sense

VmeN, GnPm = Pos (Gus1Pmi1)

and a bounded sequence in M ([0, 1] x Sy, Lt (7—[0)). Here the Kolmogorov extension theorem holds.
For this we refer to [0, Chapters V.1 and V.2|, key ingredients are the Radon—Nikodym property of
the trace-class and Py,-a.e., Tr((;,) = 1. Therefore the Kolmogorov extension theorem constructs a
trace-class valued measure (P, with

o Pe M([0,1] x Sy,,Ry), satisfying P ([0,1] x Sy,) <1
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o (e L' ([0,1] x Su,, L (Ho)) satisfying, P-a.e., Tr (¢) = 1, whose existence is guaranteed by the
Radon-Nikodym theorem,

such that

VmeN, (nPrm = P (GED) .

Let K € K (”Ho ® H§+k>. Since

(1,0)
@ () o X (g @5 K) € €0 ([0,1] % S, K (o),

we obtain
ﬂ ATy (Cm()\,u)® ok K) AP,y (N, 1) ﬂ Tr (G (O, ) (N, 1)) dPp (A, )
[0,1]x S3., [0,1]x S3.,
- ” Tr (O w)o(, 1)) dP(A, u)
[0,1] xSy,
H )\kTr O\ ) @ p&* )dIP’()\,u),
[0,1]x S,
from which we deduce that
U NG\, 1) @ pBFdP,, ( JJ NN 1) @ p@FdP(N, u). (59)
[0,1]x S7, 0 1]% Sy,

e Estimating the tail of 14, ® Pﬁ%k 'y(l’k) 1y, ® PE?L’C:

By induction,

n=1

Indeed, the case k = 1 corresponds to the definition of ),,, and assuming the above identity, we obtain

k
15D — PR — By @ (15 - P%k) +Qm@1E

k
= 2 P ®Qn® 155 + Qu® 1§ = 2 PE"® Qr @15

n=1 n=0
k+1 %
— Z Pﬂ@%(n—l) ® Qm ® ]]-%i +17n).

n=1

Consequently,

|10 ® (15 - PS*) 5

k
) |17 © PRV @ Q@15

N|=

1
Tr (120, @157 @ Qe @ 157 ) T (T3, ® PED @ 1557 )

)
1=

3
I
—

N|=
NI

= kTr (Qm7(0’1)> — 0.

m—00

Tr (13, @ 15"V © Qu @ 157 1)

)
1=

3
I
—
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Developing the square, it follows from the Cauchy—Schwarz inequality that

Hv(l”“) — Ty ® PR 19 1y @ PRY|| | <

100 © (1% — PEY) 40 1y, @ (15F — PEY)

El
+2 H]lHo ® (UG — P2F) 419 1y, @ ng‘

l:l

— 0.

m—00

e Conclusion:

Combining the above with and , we obtain

ALR) — U MeC(A, u) @ pEFdP(A, u).
[0,1] xSy,

1=Tr ﬂ AP, ).

[0,1]x 53,

Taking the trace yields

Since with ([57)),

P([0.1] x Sx,) = [CBllyy < himinf 6B = liminf B,y ([0,1] x 5™) < 1,

we infer that P must be a probability measure supported on {1} x Sz, and the pair

P({1} x @),¢(1,0)
is suitable to conclude, as P({1} x e)-a.e. Tr ({(1,0)) = 1.
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